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PREFACE. 



An experience of more tlian twenty-five years, in teach- 
ing large classes in the U. S. Military Academy, lias 
afforded the Author of the following pages unusual oppor- 
tunities to become familiar with the difficulties encoun- 
tered by most pupils, in the study of the Differential and 
Integral Calculus. / 

The results of previous endeavors to remove these 
difficulties, were given to the Public in former editions. 
Prepared, as these editions were, solely as aids to him- 
self, in the instruction of his own pupils, he is gratified to 
know that they have proved acceptable to many other 
teachers, and that he has tlms aided in extending a 
knowledge of this important branch of Mathematics, now 
absolutely necessary to thorough analytical research in 
the higher branches of Physical Science. 

Tliese editions have been carefully revised, and such 
changes introduced in the arrangement of the matter, and 
in the modes of demonstration, as the Author's prolonged 
experience has shown to be improvements. Such new 
matter has also been added, us he deems necessary to the 
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perfection of the work as an elementary text-book, for 
those who will be satisfied with nothing short of a thor- 
ough knowledge of the subject. I 
The pains which have been taken to secure accuracy in 
the algebraic work and in the language of the text, and a 
clear and neat typography, will, it is hoped, render the 
present edition acceptable alike to teachers and pupils. 

U. S. MnjTABT AoApniT, 
WBd Point, y. F., January 1, 1861. 



CONTENTS. 



PART L 

DIFFERENTIAL CALCULUS. 

Definition and classification of functions 1 

'* of the differential, and differential coefficient ,... 6 

Boles for obtainiDg them 8 

Expression for the new or second state of a function 11 

Manner of making first term of a series greater than the sum of all the 

others 12 

Differential coefficient of an increasing function is always positive, &c, . 12 

Equal functions of the same Yariable have equal differentials 18 

Differentiation of the producN(f a constant by a variable 18 

Differential coefficient of one vakable the reciprocal of that of the other. 15 

" " of an impHdt function 16 

Differentiation of the sum or difference of several functions 18 

** of the product :^ 19 

" of the power of a function 21 

" of radicals 22 

" of afraction 28 

" of miscellaneous examples 25 

Successive differentiation 27 

Haclaurin's Theorem 81 

Definition and property of functions of the sum of two variables 85 

Taylor's Theorem 87 

Failing case of Taylor's Theorem 40 

Development of the second state of a function of one variable 41 

Deduction of Maclaurin's from Taylor's formula 42 



Vlll OONTSNTB. 

Differentiation of logarithmic functions 43 

Deduction of the logarithmic series 46 

Differentiation of the transcendental function a* 47 

** of complicated exponential functions 48 

'* of the circular functions 50 

'* of the arc in terms of its sine, cosine, &c 53 

Development of the sine and cosiue in terms of the arc 56 

'* of the arc in terms of its sine, and tangent 57 

** of the second state of a function of. two variables 59 

** of the second state of a function of any n umber of variables 64 

Differentiation of functions of two or more variables 65 

Development of any function of two or more variables 68 

Differential equations 69 

Immediate differential equations 72 

Elimination of constants, particular functions, &c 72 

Differential equations of species of lines 73 

Partial differential equations 75 

Change of the independent variable 76 

Vanishing fractions 80 

Qeneral rule for determining their value 83 

Practical rule for determining their value 85 

Maxima and minima of functions of a single variable 90 

General rule for finding the maximum or minimum states of a function 

of one variable 91 

Practical rule 96 

Solution of problems in maxima and minima 102 

Maxima and minima of functions of two or more variables 1 08 

(Geometrical signification of a function of a single variable, and of its 

differential coefficient 114 

General equation of the tangent line 118 

•* " of the normal 119 

Expressions for the subtangent, subnormal, tangent, &c 120 

Mode of determining whether a curve is concave or convex 121 

Asymptotes 1*23 

Advantages of regarding the differential as infinitely small 127 

Differentials of an arc, plane area, surface and volume of revolution. . 129 

Tendency of curves to coincide 134 

Manner of finding the order of contact of lines - 186 

** the equations of osculatory curves 1 38 

Equations of condition for the osculatory circle 142 

General expression for radius of curvature 146 



OOBTENTB. IX 

TAQ* 

DefiniUon of cairatnre 148 

Value of radios of curvature of the oonic sectioiiB 160 

Evolates 162 

Bole for ^diog the equation of the evolute 155 

Eoyelopes . : 157 

Application of the Differential Calcolos to the construction and discus- 
sion of curves y, 168 

Definition of singular points 168 

P(»nt8 of inflexion 165 

Cusps 168 

Isolated or conjugate points 170 

Multiple points 172 

Logarithmic curve 174 

Cycloid 178 

Polar curves 184 

Spiral of Archimedes 188 

Parabolic spiral 189 

Hyperbolic spiral 189 

Logarithmic spiral 191 

Application of the Calculus to surfiices 192 

Maximum inclination or slope of surfiioe 195 

Equation of tangent plane to sur&oes 196 

•* of normal line ^ 198 

Distance from any point of the normal to the point of contact 198 

Prcjection of any plane area 199 

Furtial differential of any surface or volume 201 

Oiculatory sur&ces 201 

Circles of least and greatest curvature 204 



PART n. 

IKTBQRAL CALCULUS. 

Object and first principles 209 

Integration of -monomial differentials 211 

** of particular binomial differentials 213 

'* of fractions, in which the numerator is a constant into the 

differential of the denominator 215 

of the arbitrary constant and integration between limits. . . 217 



«l 
«l 



X CONTENTS. 

Integration of differentials of circular functions and arcs 2SK) 

** of rational fractions 228 

•• by parts 284 

•• of certain irrational differentials 286 

•* of those containing V^a + Ax ± ex* 289 

'* of binomial differentials 245 

Formulas A, B, C, D, and E 249 

Integration by series 254 

Series of Bernouilli 258 

** for integprating between limits 259 

Integration of transcendental differentials 260 

of differentials of the higher orders 268 

of partial differentials 271 

of total differentials of the first order containing two 

variables 278 

Integration of total differentials of the first order containing three or 

more variables 276 

Integ^tion of the same when homogeneous 277 

Mode of differentiating an indicated integral 279 

Separation of the variables in differential equations. . .* 280 

Integration of linear equation dy -f- Vydx s= Qd!z 285 

" of certain equations which may be made homogeneous . . . 287 

Of the fiEictors by which certain differential equations are rendered 

integrable 288 

dy 

Differential equations containing the higher powers of -p- 292 

dx 

Singular solutions 297 

Integpration of differential equations of the second order 299 

of differential equations of the higher orders 305 

of linear equations 806 

of partial differential equations of the first order 811 

Application of the Calculus to the determination of curves with par- 
ticular properties 814 

Rectification of curves 820 

of spirals 826 

Quadrature of curves 826 

of spirals 888 

Area of surfaces of revolution 887 

** of curved surfaces generally 840 

Cubaturc of volumes of revolution 342 

of volumes bounded by any surface 345 



ii 
li 



*• 



CONTENTS. XI 



PART in 

CALCULUS OF. VARLSlTIONS. 

First principles 849 

Variation of the dififerential equal to the differential of the variation. . 852 

** of the integral equal to the integral of the variation 8§3 

Oeneral expression for the variation of a function 858 

'* '* for the integral of the variation of a function. . *. . 355 

•• •* for the variation of /tnic 858 

Maxima and minima of indeterminate integrals o58 

Conditions of maxima and minima 859 

Prohlems in maxima and minima 362 

Method of reducing the number of independent variations 307 



N 



PART I. 



DIFFERENTIAL CALCULUS. 



Definition and Olassifioation of Functions. 

I. In the branch of Mathematics here treated, as in Analytical 
Geometry, two kinds of quantities are considered, viz^ variables 
and constants; the former admitting of an infinite number of 
▼alues in the same algebraic expression, while the latter admit of 
but one. The variables are generally designated by the last, and 
the constants by the first letters of the alphabet. 



2. One variable quantity is a function of another, when it is so 
eonnected with it, that any change of value in the latter neces- 
•arily produces a corresponding change in the former. Thus in 
the expressions 

ti = te, au^ = ex\ 

« is a function of x^ and x is also a (unction of u. Likewise, the 
expressions 

«y\ (6 - y)*, 



functions of sfi and in each cs^ y is a function of the expres- 
sioo. One of these variables is usually called the function, and 

1 



2 DIFFERENTIAL CALCULUS. 

the other the independent variable, or simply the variable; sinoe 
to OD^, any arbitrary values may be assigned, and from the con- 
nection between the two, the corresponding values of the other 
deduced. 

This relation is expressed generally thus, 

** = / («)» t« = 9 (z), or / (u, or) = 0, 

/ and 9^being mere symbols, indicating that u is a function of x. 
The first two expressions are read, u a function of x, or u equal 
to a function of x ; and the third, a function of u and x equal to 
zero. The result, obtained by assigning a particular value to the 
variable, is called a state or value of the function, and each func- 
tion has an infinite number of such states. Thus, if we have the 
function 

(« - *)*. 

are states of the function corresponding to the particular values 

of Jf, 

0, a, 2a, So, &c. IJ a 

3. Functions are Increasing and Decreasing : 

Increasing, when they are increased if the variable be increased, 
or decreased if the variable be decreased : Decreasing when they 
are decreased if the variable be increased, or increased if the vari- 
able be decreased. In the expressions 

U = €LX\ tt = (flf -f- a)\ 

u is an increasing function of ^r. In the expressions 

y = -. y = (« - «)% 

X 

y is a decreasing function of x» In the expression 

« = (« — y)\ 
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2 is a decre^aing function for all values of y less than a, but in- 
creasing for all values greater than o. 



4. Functions are also Explicit and Implicit : 

JExplicitj when the value of the function is directly expressed in 
terms of the variable : Implicit^ when this value is not directly 
expressed. In the examples 



t« = (a — x)\ y = Va* --/«•, 

« and y are explicit functions of x. In the examples 

att* + bx =z cx\ J* = a* — x\ 

or 

au* + &p ~ car* = 0, y* + i;* — a* = 0, 

they are implicit functions of x. 

The relation between an implicit function and its variable may 
be expressed, either by a single equation, as above, or by two or 
more equations, as 

« = ay\ y» = bx^ 

in which ,u is an implicit function of x. The first relation is in- 
dicated generally by 

/ (u, x) = 0, 

and the other thus, 

6. Fonctions are also Algebraic and Transcendental : 

Algebraic^ when the relation l>ctwccn the function and variable 
can be expressed by the ordinary operations of Algebra, that is, 
by addition, subtraction, multinlication, division, the formation <>f 
powers denoted by constant exponents, and the extraction of rootn 
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indicated by constant indices : Transcendental^ when this relation 
cannot be so expressed. In the examples 

u = log flf, tt = sin (a — «), t* = a*, 

« is a transcendental fanction of x. K the variable enter the ex- 
ponent, the fanction is called Exponential, The logarithm of a 
variable expression is a Logarithmic function. In the expressions 

tt = sin «, tt = cos z, u = tan -, 

X 

u is said to be a Circular function. 



6. Functions are often mixed, being formed by the union of 
different kjnds of simple functions, as in the expressions 

log X -f sin Xj ax^ + a% 



7. Functions are also Continuous or Discontinuous : 

Continuous, when every state obtained by substituting values 
of the variable between the least and greatest which give real 
values of the function, is real : Discontinuous, when any of such 
states are imaginary. 

In the expressions 

y = - \/a« — x\ y = a '^ *' "" "'» 

y in the first is continuous, in the second discontinuous; as in 
the one all values of x between — a and + a give real, while 
in the other they give imaginary values for y, 

8. A quantity is a function of two or more independent vari 
ables, when it is so connected ^djth them that it will change if 
either variable be changed, as in tiie examples 
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tt = or* + hy^ 2 = cwy* — ux\ 

denoted in general thos, 

If in a function of a single variable, the latter be made equal to 
sero, the function reduces to a constant, as in the examples 

tt = ay\ tt = c + bx*; 

if y = Oy we have tt = 0; ifa;=0, tt = c. 

If in a function of two or more variables any one be made 
equal to zero, all the terms containing it will disappear, and the 
result will be entirely independent of this variable^ as in the ex- 
smple 

u =. ax + by^ + cz* + d^ 

tf = gives 

tt = ax + by* + rf = / («, y) ; 
f == and y = give 

u = ax + d =z f (flj). 

If all the variables be made equal to zero, the result will be 
constant, as in the same example, 

2 =r 0, y =: 0, and « = 0, give 

tt = (f = a constant 

likewise, when the variable which is made equal to zero is a 
£ictor of all the terms containing any of the others, as in the ex- 
ample 

tt = c + ax*y + bzy* = / (a?, y, «), 

y = gives 

tt = c. 
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Definition and Pbopebties of the DiFFEBEiitriAL and 

DlFFEBEMTIAL CoEFFICIEMT. 

9. To explain what is meant by the differential of a pumtity or 

functii^^ let us take the simple expression 

•, 

u = ax* (1), 

in which u is a function of x. Suppose ir to be increased hj 
another variable h ; the original function then becomes a (a; + A)*; 
calling this new state of the function u', we have 

u' = a {x + hy = cur* + 2axh + ah\ 

From this, subtracting equation (1), member from member, we 
have 

tt' — II = 2axh + ah* (2). 

The second itaember of this equation is the difference between 
the primitive and new state of the function crx*, while h is the dif- 
ference between the two corresponding states of the independent 
variable x. As h is entirely arbitrary, an infinite number of 
values may be assigned to it Let one of these values, which is to 
remain the same^ while x ie independent^ be denoted by dx^ and 
called differential of x^ to distinguish it from all odier values of A. 
This particular value being substituted in equation (2), gives for 
the corresponding difference between the two states of u, or ax*, 

u' '- u = 2ax,dx + a {dx)\ 

Now, t?ie first term of this particular difference is called the 
differential of ti, and is written 

du = 2ax • dx. 

The coefficient (2ax) of the differential of x, in this expression, is 
called the differential coefficient of the function u, and is evidently 



\ 

f 
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obtamed by dividing the difietential of the function by Hie differ- 
ential of the variable, and is in general written 

du 

-T- = 2ax. 

ax 

Besoming the expression 

tt' -— u = 2axh + ah\ 
mad dividing by A, we have 



u' — u 



2ax + ah. 



In the first member of this equation, the denominator is the 
variable increment of the variable x^ and the numerator the cor- 
responding increment of the function u ; the second member is 
then the value of the ratio, of these two increments. As A is 
diminished, this value diminishes and becomes nearer and nearer 
equal to 2 oar, and finally when A = 0, it becomes equal to 2 <u;. 
From this we sec, that as these increments decrease, their ratio 
approaches nearer and nearer to the expression 2(u;, and that by 
giving to h very small values, this ratio may be made to differ 
from 2 oj:, by as small a quantity as we please. This expression 
is then properly, the limit of this ratio, and is at once obtained 
firom the value of the ratio, by making the increment A =: 0. It 
will also be seen that this limit is precisely the same expression as 
the one which we have called the differential coefficient of the 
fiinction u. 

What appears in this particular example is general, for let 

« = / («), 

• being any /unction o/x, and let x be increased by h, then 

u'z=/(x + A). 
Suppose f {x -{- h) to be developed, and arranged according to 

s 
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the ascending powers of A, and u to be subtracted from both 
members, we then have 

u' - u = PA + QA« + RA» + &c (8), 

P, Qy R, &c^ being functions of x, and every term of-the second 
member containing h, because u* — u must reduce to when 
A = 0. Substituting for h the particular value dx^ and taking 
the first term for the differential of u, we have 

du = Ydx, and ^ = P. 

ax 

Dividing both members of equation (3) by hj we have 

'^l^ = P + QA + IU« +, Ac (4). 

Obtaining the limit of this ratio by making A = 0, and denoting 
it by It, we have 

L = P, 

efficient of a function is always equal to the limit of the ratio nf 
the increment of the variable to the corresponding increment of the 
function. 



10. The differential of a function of a single variable may then 
be thus defined. If the variable be increased by a particular vol- 
uCj called the differential of the variable, and the difference be- 
tween the new and primitive states of the function be developed 
according to the ascending powers of the increment ; that term of 
this difference which contains the fifst power of the increment is the 
differential of the function. 

It will in general be found most convenient to obtain first the 
differential coefficient, for which we have the following rule : 



V"-i 
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Oive to the variable a variablo incremeift, find the corresponding 
state of the function^ from which subtract the primitive state^ divide 
the remainder hy the increment^ obtain the limit of this ratio by 
making the increment equal to uro, the result will be the differen- 
tial coefficient : This, maltiplicd by the differential of the varia- 
ble, will give the differential of the function. 

The object of the Differential Calcftlus is, to explain the mod 
of obtaining and applying the differentials of functions. 



11. Let the preceding principles be illustrated by the following 

JScamples. 
1. Let u = bx\ 

For dt substitute x + hj then, 

u' =z b {x + hy = bx^ + Zbx^h + Zbxh* + bh\ 
tt' — u = Zbx^h + Zbxh* + bh\ 

** 7 ^ = 3^^' + 8*^ + *^"; 

h 

pusing to the limit, and denoting it by L, we have 

du 
L = Zbx^ = 5-; 

dx 

whence 

du = Zbx^dx. 



2. Let 



tt = ax^ — ex. 



Sabstitating x + h (or x, and subtracting, we have 
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«' r- t« =^ 20X4 + OA* — fifty 



tt' — U 



= 2ax + ah ^ c\ 



making 4 = 0, we have 



whence 



8. Let 



then 



and 



whence 



4. If 



L = 2ax — tf =r --, 



du = 2<udd? — ccfs. 



a 


• 


ti'- " 




" - « + A' 




1 « 


a — aA 


U — U — ■ ■ ,■ 


«""«• + «A' 


tt' — tt — <a 





«» + xh' 



T — ^ — ^^ 



tftt = r-. 



tt = Sax* — tnx\ du = (Offx' — 4mx*) dx. 



I 
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"* 12L KytioTi (4), article (9), may be pat ander the form 

?^1^ = P + A (Q + lU + &c.), 

and if the expression Q + B^ + &c. (which is a function of 
X and k) be Mpresenfed by P^, this becomes 

• ^^^ = P + P'A (1); 

whence 

u' = tt + PA + P'A*; 

that is, the new state of the function is equal to its primitive state^ 
s plus the differential coefficient of the function into the first power 
of the increment of the variable^ plus a function of the variable and 
its increment into the second potoer of the increment. This expres- 
sion for the new state of the function being an important one, 
should be carefully remembered. 



13. If we resume equation (3), Art (9), divide by h and trans- 
pose P, we have 

^' 7 " - P = QA + RA* + &c. 

u' — u 
Since when A = 0, the expression for the ratio — ^ — reduces 

to P, Art (9), if A be infinitely small^ we shall have 



u' — u ^^ 


or 


1 


m' 


— ' 


u 




A 




whence 


RA* 


+ 


ice. 


< 


P, 


Mid multiplying by A, 












PA > 


Q&' 


+ 


RA' 


+ 


&c 



- P < P; 
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Thnt is, in a series arranged according to the ascending powers of 
an infinitely small quantity^ the first term is numerically greats 
than the sum of all the others. 



14. If tt be an iDcreasing function of x, its new state u' will b« 
greater than u, and 



u' — u 



= P + P'A....Art (12), 



will be positive for all values of h. 

If tt be a decreasing function, the reverse will be the case, and 
the ratio be negative for all values of A. 

But we see, by the preceding article, that when h is infinitely 
small, the sum of all the terms that follow P, in the above eqoa- 
tion, will be less than P, and therefore the sign of P will be the 
same as that of the ratio ; that is, positive when tt is an increasing; 
and negative when tt is a decreasing function. But P is the dif- 
ferential coefficient of tt. Art. (0). Hence, the differential coejfir 
dent of an increasing function is aluKiys positive ; and of a decreas- 
ing function^ negative. 

It should be observed, that the signs of the differential and dif- 
ferential coefficient are always the same. 



16. Let 



tt = V, 



tt and t; being functions of the variable rr, which are equal to each 
other for every value of x. If « be increased by A, and u' and v' 
be the new states of u and v, we have 

/ , tt' — tt v' — V 
U = V , tt' — tt = V — V, T = 7 . 
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Passing to the limit of these equal ratios by making A = 0, 
we have, Art (10), 

- = -, or </« = dv; 

tiiat is, if ttoo functions of the same variable are equals their differ^ 
mUials mil also be equal. 



16. Bat if % 

u = tr ± C, 

» And V being functions of x, and C a constant, and x be in- 
oreasod by A, we have 



»' = v' ± C, u' — u = v' — tf, 



u' — u v' — 



h " h ' 
and passing to the limit 

-;- = -;-, or rftt = rf (v ± C) = rf»; 

dx dx ^ ' 

tiiat is, if tvH) differentials are equals it does not follow that th$ 
expressions from which they were derived are equal. We see also, 
that a constant connected by the sign db with a variable, disap- 
pears by differentiation. In fact, the differential of a constant is 
t§ro; since, as it admits of no increase, there is no difference 
between two states, and of coarse no differential, Art (10). 



17. Let 

u = Atf, 

flien 



u' = At;', ^=-1—^ = A 



h ' 
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and passing to the limit, 

-r- = A-T", or du = d(Av) = Adv; 

dx dx ^ 

that is, the differential of the product of a constant by a variable 
functionj is eqtial to ike constant multiplied by the differential pf 
the function. 



18. When two variable quantities are so connected that one is 
a function of&e other, either may be regarded as the function^ 
and the other as the independent variable. Thus, from the ex- 
pression u z= ax\ we readily obtain a? = y -; in which x 

may be considered a function of the variable u. 
In general, let 

« =/(*) 0); 

^ then by deducing the value of Xj 

*=/'(«) (2). 

In this last expression, let the variable u be increased by any 
variable increment u' — u =. k, x will receive the correspond- 
ing increment x' '— Xy and the ratio of these increments will be 

^' w 

If the increment x' — x he denoted by h^ and we sabstittiie 
X + h for X, in equation (1), we shall obtain. Art (12), 

tt' - t« = PA + P'A* = At, 

and substituting these Values d x' — x and k in expression (3), 
we have 

x' — X __ h _ 1 

"""T^ ~ PA 4- P'A* - P + PA* 



^ 
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Passing to the limit by making k, the increment of u, eqaai 
to 0, in which case h = 0, vrc have 

?f? - 1 - JL 
rftt "" p "* rf«' 

" ^ "" dx 

since P = —- ; that is, the differential coefficient of x regarded 
dx 

as a function of tt, i« the reciprocal of the differential coefficient 

of u regarded. OB a function of x. 

It should be observed that du in the first member of the above 
equation. 18 constant^ u being the independent variable^ Art. (9), 
while dx is variable. In the second member, the reverse is the 
case, dx being constant, and du variable. 

To illustrate, take the example 

whence 

• = 4 ~ 

du 
In article (9) we have found -7- = 2 our; then 

rf« 1 1 1 1 J^ 



~tr- 



Vt 



H^ 



du du 2ax /^ 2Vau 2-^*^*-— 



d^ ^'^ a 



Z i C^ l^^ 



19. Let tt be an implicit function of x of the second kind, 
Art (4), as 

ti =/(y) (1), y = 9 {x) ,.(2). 

If ar be increased by A, y will receive an increment y' — y, 
which we denote by k ; and these increased values of y and x in 
the second members of (1) and (2) will giv%, Art. (12), 
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u' = u + Q* + Q'ifc*, y' = y + PA + FA«; 
whence 



u' — u 



= Q + Q'Ar, ?^^^-r-^ = P + FA, 



^ ^ . ^.-, ^ 



vid by mnltiplicatioD, 



^iL—H: X ?^l_if = QP + Q'PAr + QP'A + ^kc; 



or, since y* -- y = k^ 



^^-7-^ = QP + Q'Pit + QP'A + tui. 



Passing to the limit by making A = 0, which gives ir =: 0, 
we have , 

Bnt 

Q = ^' "<* p = s' 

whence 

(f tt (f tt dy 
(fx (fy c^z * 

that is, tlu differential coefficient of u regarded as a function of «, 
if equal to the differential coefficient of u regarded as a function of 
y, multiplied by ths differential coefficient of y regarded as a fume- 
tion of X, 

If 
« =/(*) (3), and t» = 9 («) (4), 
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in which case u is evidently an implicit function of v, we find 
from equation (4) 

' = <P' (v) (5); 

and applying the preceding principles to equations (3) and (5), 
we have 



Bat 



du ^ du dx . . 

dv " dx dv ^ ^' 



T. = ^ ^'*-(^«)' 



dx 

• i 
which value in (6) gives 

du 
du _ dx ^ 
di ■" ^' 

dx 

that is, the differential coefficient of u regarded as a function of v, 
t# equal to the differential coefficient of u regarded a$ a function of 
M^ divided hy the differential coefficient of v regarded as a function 
cfx. 



Pabticulab Rules for the Differentiation of 

Algebraic Functions. 

20. In order to deduce a particular rule for the differentiation 
of any species of expressions, we have simply to apply to the rep- 
resentative of the expression, the general rslc for obtaining the 
differential coefficient, as given in article (10), multiply by the 
differential of the independent variable, and then translate the 

resnlt 

2 
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Let 

u =: V db w db z (1), 

in which v, to, and t are functions of x. Increase x by A, then 

subtracting (1), member from member, and dividing bj h^ 

tt'— u__t;'— vw' — w z' — t 
~Tr~ - ~A~ "*= ~h~ ""re- 
passing to the limit of these ratios, we have 

du ^ dv dw dz * 

dx " dx dx dx* J 

and multiplying by dx^ 

du = dv dz dw dz dz; 

that is, the differential of the sum or differet^oe of amy number ef 
Junctions of the same variable^ is equal to the sum or difference ef 
itr differentials taken separately. Thus, if 



tt = ax* — - bx\ 
du — d {ax*) — d (6x») = 2axdx — Zhx*dx. . . Arts. (9 k 11). 



21. Let r = nv be the product of any two functions of x. 
If jT be increased by A, we have 

r' = u'v' = (u + PA + P'A') (v + qfi+ Q'A*) ... .Art (12), 

or performing the multiplication, subtracting the primitive prod- 
uct, and dividing by A, 
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— - — = vP + uQ + tenns containiiig K 
Failing to the limit, 

£ = .P + «Q; 

whence 

dr = d{uv) = vVdx + uQio; = vdu + «rf», 

since Ydx = (fu, and Qi« = cfv, Art (10) ; that is, the differ enr 
tied of the product of two functions of the same variable^ is equal to 
the sum of the products obtained by multiplying the differential of 
each function by the other. 



22. Let uvs be the product of three functions. Place 

«v = r, then uvs = r«, 

and 

d{uvs) = d{rs) = rds + sdr (1). 

But unoe 

r = ttv, dr = udv + vdu] 

hence, by substitution in equation (1), I 

d{uvs) = uvds + «k/v + svdu. 

If we have the product of four functions uvsw^ we may place 
tt9 = r, and, by a process precisely similar to the above, obtain 

d{u»svf) = uvitdw + uviods -f uwsdv + vwsda (2); 
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and we readily see, that by increasing the number of functions, we 
may in the same way prove, that the differential of the product of 
any number of functions of the same variable^ is equal to the sum 
of the products obtained by multiplying the differential of each into' 
all the others. Thus, if 

uv = ax*, bxy 
d{uv) = ax\d{bx) + bx,d(ax*) = ax^.bdx + bx,2axdx r= Sabx^dx. 



23. If we divide both members of equation (2) of the preceding 
article by uvsw, we have 

* 

d{uvsw) dw ds dv du 
uvsw w s V u 

and we should have a similar result for any number of functions ; 
whence we may conclude in general, that the differential of the 
product of any number of functions divided by the product, is equal 
to the sum of the quotients obtained by dividing the differential of 
each function by the function itself 






/ 



i 



24. Let • w = v* 

V being any function of x, and m any number, entire or fractional, 
positive or negative. Increase x by A, then 

tt' = v'* = (y + QA + Q'A«)- Art. (12), 

or placing in the binomial formula, 

(a: + a)" = a:* -f moj:'—* -}- ^yT «'«""' + <fec^ 

V for X, and (QA + Q'A») for a, 
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we have 

«' = [w + (QA + Q'A»)]- = V- + m{Qh + Q'A«)i;«-' + &c^ 



u' — u 



-— = m(Q + Q'A)t;— ' -f &c^ 

each of the following terms containing A as a factor. Then 

du 

T. = --'^ 

du = rfv* = fwv'"~'Qrfx = fwt;"*""'<fv (1), 

since Qfix = eft;, Art. (10). That is, to obtain the differential of 
any power of a function : Diminish the exponent of the power by 
ufdty^ and then multiply by the primitive exponent^ and by the dif- 
ferential of the function. 



1. H t* = ax\ 
then, Art (17), 

du = a.dx^ = aAx^dx = Aax^dx. 

2. If ti = bx\ 

2 1—1 2 , 2bdx 
du = -bx^ dx =: -bx'^dx = — =. 

3 3 3;^ 

3c(/j? 
du z=i — Scx~*dx = — — 7-. 
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4. If U = {ax - «•)•, 

d% = 5{€uc - «•)* d{ax - «•), 

bat 

d(ax — «•) = arfa: — 2xdx Art (20); 

hence 

du = 6 {ax — a?*)* (a — 2a;) <^. 

25. If in equation (1) of the preceding article we make 

« = i,wehave 
n 

tftr* = -»• cftr = -» • dp = 



n 

nv 



;rrit 



or 

dv 



rfiPV = 



If » = 2, we have 

dVv == — — » 

that is, the differential of a radical of the second degree, is equal 
to the differential of the quantity under the radical 9%gn divided by 
twice the radical. 



If n = 8, we have 



, lA- dv 

dyv = — — .» 



and in genend, the differential of a radical of the nth degree, is 
equal to the differential of the quantity .under the radical sign di- 
vided by n times the (n — l)th power of the radical. 
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£asamples. 

1. If tt = \/a«», 

dax* Saz*dx 3 / — , 

an =s — : — = — —=■ = -yax.dx, 

t. If ¥ = ifh^^^^ du = 



8^(6 »xV 



Let « = Vbx^. 4. Let i« = V2(ur — «*. 










86. Let « = - = w-«, 



« asd V being fiinotioiu of the same variable, then, Art (21), 



or 

, dn sdv 

du = — — — : 

whence, by redocing to a common denominator, 

, 8 vds — sdv , ^ 

^""^^v^^lir— (1): 

that ifl| the differential of a fraction is equal to the denominator 
into the differential of the numerator^ minus the numerator into the 
differential of the denominator^ divided hy the square of the denom- 
inator. 

If the denominator be constant, dv = 0, and equation (1) becomes 

, _^ vds _^ ds 

V* "" V 
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If the numerator be constant^ ds = 0, and equation (1) becomes ^ 

sdv 
du := -^ — =-. 

In this last case, it is evident that u is a decreasing function of 
tf, and that its differential, when expressed in terms of dv^ should 
be negative. Art. (14). 



Examples. 



1. If tt = 



a - «• 



. (a — a?)(/4: — ajrf(a — ar) _^ (a — «)(/« + «£« __ adx 
~ (a-a?)* " (o-«)» " (a - x^ 



ax^ 



2. If u = -^, 



(faa:* 4ax*dx 
du = — : — = - 



6 • 



• e 

ax 



- ofaj;' dob 



(cue*)* cm; 



4 • 



27. By a proper application of the preceding principles every 
algebraic function may be differentiated. Let them be applied to 
the following 
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HisceUcmeous Exmnple%. 

1. If u ^ {a '\- bx^y, 

du = p{a + bz"y-^d{a + bx") Art. (24); 

bnt 

d{a + 6a?*) = nbx'"'^dx; 

hence 

du = bnp{a + &r*)'~'a?*~*d!af. 

The solution of this example and many others may be simplified 
by applying the rule of article (19) thus ; make ' 

a + bx* = 2, then u = «', 

dz . ^ , du 

whence 

du du dz 

'IZ^ '^ ^ "T ^ ;w'~* X «6x*-* = bnp(a + fear*)'-'**-', 

mad 

du = bnp{a + 6x* )'""*«•"*(&. 

2. If a = (1 - «•)•, 

(ftf = 8(1 - a?*)V(l -«') = - 6 (1 - «*)*x(fj. 

8. Let 

ax 



u =r 



+ Va + 



• 



N 



^, 26 ui:ria:i:xiiAj. oalculits. 



Place 



1 



y ax 

y = X + Va + x\ then « = — , 



^ t 



I .. , , xdx , aWap — arrfy 

dy = dx + .—— . du = -^^— -^ 2^; 

I -^ Va + a?* y 



hence 



V^- rf« = -^^ , .. —^ 

^.V* ; \ or, after redaction, 



I 



U 



(« + -/a + «•)* Va~+~i» 



4.ifu=(l±^\ .« = (f^:z:^. 



^:* x ' a?" 



'i 



!»_.._ _ '-I 



*' ' 



,.»C 



fv "^ 






va — a:' ^ 



x - — <f a? 

7. u = , au = 



a: - Vl - a;*' Vl - «* (ar - -/l — «•)'" 






% 



10. u = LjLf;. 11. « = (a - i/^y. ''^ 

^* 1 - aj» ^\ ^-. , «V 

ftU.'^X » ^-^ ' " 

^ ; ,n \/ar» + 1 - 1 ,^ -/l + ar + l/H^ 

, , ^ 12. u = ■ , 13. u = 



N 



\/ar" + 1 + 1 ' VT+lc - \/l — « 
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* SuocESSivE Differentiation. 

28. It IB readily seen from what precedes, that the differential 
coefficient of a function of a single variable is, in general, a func- 
tion of the same variable. It may then be differentiated, and its 
differential coefficient obtained. 

Thus in the example, 

du 
u == ax\ — = 8aa?'....(l), 

SodT* is a function of or, different from the primitive function. 
If we differentiate both members of equation (1), we have 



(£) = 



6 axdx. 



Bat ainee (fa; is a constant, Art (26), 

d(—\ — ^(^") — ^. 
\dxj ^^ dx ~~ dx "* 

the symbol d^u (which is read second differential of u) being nsed 
to indicate that the function u has been differentiated twice, or that 
the differential of the differential of u has been taken. Hence 

1^ = 6a«fo, or -^ = 6ax, 

in which dx* represents the square oC cfx, and is the same as if 
written {dx)\ 

Hie expression, 6 oar, being the differential coefficient of the first 
differential coefficient^ is called the second differential coefficient. 

To make the discussion general, let u = f{x) and /> be its 
diffinential coefficient^ then 

du 

r.=^ ^^)- 
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Since p is usually a function of ar, let it be differentiated and its 
differential coejQScient be denoted by q^ then 

1=' » 

In the same way let q be differentiated and its differential co 
efficient be r, then 

s' = ' w- 

By differentiating equation (2), we have 

du\ . d^u 



d 



{i) = ^^' ^' IT = ^^ 



and by the substitution of this value of dp in (3), 



y 

dx d^u .. 

^ =*' *" ^• = ^ ('>• 

which is the second differential coefficient of the function. 
By differentiating (5), we have 

d*u 

-dP = ^^' 

and by the substitution of this value of dq in (4), 

d*u 

dx* d*u 



= r, or -i-r = r; 



dx "" ' rfar* 

which is the differential coefficient of the second differential eoeffi' 
cienty and is called the third differential coefficient. 

In the same way the fourth, fifth, &c., may be derived, each 
from the preceding, precisely as the first is oDtained from the 
primitive function. 
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For this reason, the successive differential coefficients are often 
called, derived functionsy and are designated thus, 

/{x) being the primitive function, /\x) its Jirst derived function^ 
/"(it) its second derived function^ &c. 

From the differential coefficients or derived functions, we maj 
at once obtain the corresponding differentials, by multiplying by 
that power of the differential of the variable, which indicates the 
Older of the required differential, thus, 

d'n ^^^,dx' =f'\x)dx\ 



d^u ^ 



d^u = -^dx^ := f*'{x)dx\ Ac. 



Examples. 
1. Let u = ax\ 

m 

being a positive whole number, then 



du . , d^u , . , 

^ = n(n-l)(»-2)«r— , 



d*u 

-— = n(n — l)(n — 2) 2.1. a. 
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Since the last differential coefficient is constant, its differential 
will be 0, and we have 



» 



2. Let a = (a — «)-', 

then 

du d*u 



••^ = 2.3 n(a--a:)-<*+'>. 



8. Let u = (a — «•)* 

By examining the successive differential coefficients in the above 
examples, it will be seen that by each differentiation the exponent 
of the power is diminished by unity. When this exponent is 
entire and positive, it will finally be reduced to ; and, if there be 
no negative or fractional exponents in the expression, the corre- 
sponding differential coefficient will be constant The next in 
order, as well as all which follow, will then be 0, and there will be 
a limited number. If the exponent be fractional, by the continned 
Aubtractiou of unity the result can never be 0, but will finally, if 
the differentiation be continued, become negative ; the successive 
differential coefficients will then always contain x, and there will 
be an infinite number. So also if the exponent be negative. 
And, in general, if all the expl^ents of an algebraic expression 
are entire and positive, there will be a limited number of dif- 
ferential coefficients. If any are negative or fractional, this num 
ber will be unlimited. 



« 
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Maculurin's Thkorkm. '.'■'■ -•*■'•• '"-^J^ ^'^ -^* 

V 

29. The object of this theorem is, to explain the manner of 
devclopinr/ a function of a sinfjle variable^ into a series arranged 
Qcroi'diMff to tfte <ucendiv*j ptju^rs of the variable with constant co- 
^fficientH, 

Let M = /(ar), 

and let us assame a development of tlie proposed form, 

tt = B + Car + Dz* + Ea?* + «fec (1), 

in which B, C, D, ha^ are entirely independent of a;, and depend 
apoD the constants which enter into the given function. It is 
now required to determine such values for the constants B, C, <&c., 
•a will cause the assumed development to be a true one, for all 
values of x. Since these constants are independent of x^ they 
will not change when we make x = 0. If then in (1) we sup- 
p^te X = 0, and denote by A what f{x) or u becomes under this 
supposition, we have 

A = B. 

Differentiating (1), and dividing by (far, we have 

^ = C + 2Dx + 3Ea:* + Ac (2); 

du 
making x = 0, and denoting by A' what ^ reduces to in this 

case, we have 

A' = C. 

Differentiating (2), and dividing by dx^ we have 
y-j = 2D + 2.3Eir + Afc; 
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making ar = 0, and denoting by A" what -r-j beconaea, we bare 

A" I 

A" = 2D; whence D = r— -. 

In the same way, denoting by A'", A"", Ac^what -r-j, -7— j, «c, 
become when a; = 0, we shall find 

A'" A"" 

E = — — ; F = —^ , Ac. 

1.2.3' 1-2.3.4' 



Substituting these values in equation (1), we have 

« =/(x) = A + A'x + A" ^2 ■ + ^"1:^^:^ + *«•• -W' 

in which the general term, or the one which has n terms before it, 
is what the nth differential coefficient of the function to be devel- 
oped becomes when the variable is made equal to 0, multiplied by 
the nth power of the variable, and divided by the product of th« 
consecutive numbers from 1 to n inclusive. 
This formula is often written thus, 



or 



«• . _.,.. X* 



« =/(*) =/(0) +AO)x +/'(0) — +/"'(0) j^^-^ + Ac; 

m which the coeflScienta of the different powers of x are symbols 
denoting the same quantities as the letters A, A', A", &c^ in 
formula (3). 



\ 
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EsDamples. 

1. Let 

a = (a + a?)* 

This, when a; = 0, reduces to a"*; hence A = a*. 
Bv differentiation, &c., wc obtain 

^ = «(« + *)"-. ^ = «(»»- 1) (« + *)— . 

^ = m(ni- l)(m- 2)(a + a:)— ', Ac. 

Making a; = in each of these differential coefficients, we hare 

A'= ma"^, A"= m(i»-l)a"^», A"'= m(m-l) (m-2)a-*, Ac. 

Sobstitating these values in the formula (3), we have 

y . V- - . - 1 . mint ^ l)a"'~*ar* . 
(a + a:)- = a» + ma'^'^x H ^ -— j^ + &c. 

2. Let 

« = j^ =«(6-«)-. 

By differentiation, dec, we have 

-^ = 2.8«(6-.)-' = ^j— ^, Ac. 

Ifflking X = in the original function, and in each differential 

coefficient, we have 

8 
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A - "^ A' - ~ A" - — Ac 

These valaes in the formula (3) give 

'^ a a ^ « ^ • 



6 - « 



3. Let u = . 4. Let u = 



, 1 + « \/l - *• 

1 + a? 



6. « = ; ^ •' . «. a = (1 + «»)*. *?< 



I -;» 



.- • t^ 



. ; ■■■ -. I ^' f f ■'■ ■ n^- -.. ■' ;■:. '*y > V _ p ^ 

Whenever the function to be developed contains the second or | ' 
higher power of the variable, the work will be much abridged by 
substituting for this power a single variable, then making the 
development^ and in the result rcsubstituting the power. Thus, 
in example 6, by putting z for a;^ we have 

u = (1 +iP»)* = (1 + «)*, 
which is easily developed according to the ascending powers of s. 



30. Functions which become infinite, when the variable on 
which they*depend is made equal to ; or any of the differential 
coefficients of which become infinite, under the same supposition, 
cannot be developed by Maclaurin's formula, as in such cases, 
either the first or some succeeding term of the series would be 
infinite, while the function itself would not be so. 

ft = log ar, tt = cotor, u = ax", 

are examples of such functions. In the first two A, and in the 
third A\ would be infinite. 
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Definition and Peopeety of Functions of the Sum of 

TWO Vakiables. 

31. A quantity is a function of the sum of two variables, when 
in the algebraic expression for the function, a single variable maj 
be substituted for the sum, and the original function thus reduced, 
without a change of form, to a function of the single variable. 
Thus 

a' = a{x + y)* 

IB such a function, for if in the place of a; + y we substitute z, the 
function becomes u' =. 02*, a function of z of the same form as 
the primitive function. 

log {x - y), 

is also such a function of the two variables x and — y, which, 
when for a? — y we put z, becomes log z. 

If in such a function either variable be made equal to 0, the 
result will be a function of the other variable, of the same form 
as the primitive function, since the effect of this is to substitute 
a single variable for the sum of the other two. Thus, in the firHt 
of the above examples, if x be 0, we have 

ay"; 

if y be 0, we have 

ax*] 

two functions, one of y, the other of jr, of the same form, which 
become identical if ;r be changed into y, or the reverse. 

32. Let 

«' = /(^ + y). 
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For X + y substitute sr, then 

If wo differentiate this, first as a function of or, y being regarded 
as a constant; and then as a function of y, x being in turn re- 
garded as constant, we shall have, Art. (19), 

dx "~ dz ' dx* dtf " dz ' dy' 

But, since z = x + y, when y is regarded as constant, dz = dx; 
when X is constant, dz = dy, and the second factor in the second 
member of each of the above equations reduces to 1, and we have 

du' du' du' du' 

dx ~~ dz* dy ^^ dz * 

honce • 

du' _ du' 
dx ~" dy' 

That is, if a function of the sum of two variables be differentiated 
as though one of the variables were constant^ and then the same 
function be differentiated as though the other variable were constixnt, 
and the differential coefficients be taken, these two coefficients will 
be equal. 

To illustrate, let 

tt'=(ar + y)«, then rfu' = n(a? + y)— » d(« + y), 

which if y be regarded as constant becomes 

du' 
du' =i n{x + yy-^dx; whence -7- =z n{x -{• y )•'"'. 

And if ^ be regarded as constant, the same expression becomes 

du' = n{x -{• yy~^dy\ whence -3- = «(a? + y)*~*. 
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Taylor's Theorem. .- r 

33. The object of Taylor's Theorem is, to explain the manner 
of developing a /unction of the algebraic sum of two variables, into 
a series arranged accordiny to the ascending powers of one of the 
variables, with coefficients which are fuiiction4S of the other and. de- 
pendent also upon the constants which enter the given function. 

Let us write a development of the proposed form, 

U' =f{x + y) = P + Qy + Ry« + Sy» + <fec (l), 

in which P, Q, R, ^c, independent of y, are functions of x. 

It is required to determine values for them, which substituted 
in equation (1) will make it true for all values of x and y. If we 
r^ard x as constant, differentiate both members of equation (1) 
with respect to y and divide by cfy, we obtain 

du! 

^ = Q + 2Ry + 3Sy» + &c. 

If we regard y as a constant, differentiate equation (1) with 
respect to x and divide by dx, we obtain 

du' dP dQ . iR , . . 
di ^di + di^ + 1^^ +^'' 

Bnt by the preceding article we have -r- = j- ; therefore 

Q + 2Ry + 38y« + Ac. = ^+ ^y + ^y* + Ac; 

and since, by the principle of indeterminate coefficients, the co- 
efScients of the like powers of y in the two members must be 
eqoal, 
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If in equation (1) we make y = ; f{x + y) will rednce to 
a function of x^ Art (31), which we denote by u. Then 

ti = P. 

Substituting this value of P in equation (2), we haTO 

^ dx' 
This value of Q in equation (3), gives 



Vdu 
\dxj 



2 R = — i:^i_ _. _^ . whence R = 



dz " dx'' " 1.2.rf««' 

and this value of R in (4) gives 



3S = z = -r— — J-;; whence S = , ^ „ , , , 

dx 1.2.rfx»' \.2.3.dx* 



^ d^u , ^ d*u 



By the substitution of these values of P, Q, R, &e^ in equation 
(I), we have Taylor's fonnula ; 

dx I dx^ 1.2 a^r* 1 .2 .3....n 

By an examination of the several terms of this formula, we see 
that the first (u) is what the function to be developed becomes, 
wlien Uie variable, according to the ascending powers of which 
the series is to be arranged, is made equal to 0. The second 

f y- - J is the first differential coefiicient of the first term, multi- 
plied by the first power of this variable ; and the general term is 
the n\h differential coefficient of the first term^ multiplied by the 
wth power of the variable, and divided by the product of the con- 
secutive numbers from 1 to n inclusive. 
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The development of f{x — y) is obtained from the formula 
bj dian^ng + y into — y ; thus 

. du d^u y» d*u y» 

/(x-y) = « - 5;y + ^j^ - _ j-^ + 4c. 



1. Let 

tt' = {z + y)*. 

Making y = 0, we obtain u = a;**, and thence by differentiation, 

-7- = ♦fUf*"', -7-r = m(i» — l)x*, 

ax dx^ ^ ' 

d*u ^ d^u 

•—s=m{m-'l){m—2)x''-*j ^--; = m(m--l)...(m— n+l)«*-». 

These values being substituted in the formula, give 

»'=(« + y)- = «- + m«— 'y + — ^^ j-^ ^ + 

m (m — 1 )..... {m -* n + l)a?*~*y* 

If it were required to develop the function in terms of the 
ascending powers of x, we should make a; = 0, and obtain y" for 
the first term, from which the other terms are derived as before. 



2. Let tt' = 



X + y 



Haking y = 0, we obtain u = - for the first term ; thence 

X 
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du a 


d^u 2a 


di "^ " P' 


dx^ " a»' 


d'tt 2. 3. a 

dx* ~ a;* ' 





y 



These values being, substituted in the formula, give 

' — ^ — ^ ^ 1 ^ f -1- ^ n 

« + y a; «* a;' «*+*'^ 

h 

3. Develop u' = -. r^ according to the powers of — y. 

■ ■ ' 1 

/ 
I ■ 

4. Develop m' = -. r^ according to the powers of x. 



34. Since in the formula of Taylor, the coefBcicnts of the differ^ 
ent powers of one variable are functions of the other, it is plain 
that if such a value be assigned to the other, as to reduce any of 
these coefficients to infinity, the second member will become in> 
finite, and the formula fail to give a development for this particu- 
lar value ; as, in this case, the first member will become a function 
of the first variable, which function is not necessarily equal to in- 
finity for a particular value of the second variable, on which it in 
no way depends. Thus, in tlie example 



tt' = ^a + X + y^ 

which, when developed according to the ascending powers of y, 
gives 



1 1 



a' = Va+x H y ______ y« , 

2Vtt + X 8V(a + xy 

the particular value a; = — a reduces the coefficients of the 
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# 



powers of y to infinity, while the original function is reduced to 

Vy. We should thus have yy = oo, which cannot be. For 
every other value of x^ however, these coefficients will be finite 
and the development true. 

The difference between this failing case and that of MaclaurinV 
formula is marked. In this, the faihire is only for a particular 
value of that variable which enters the coefficients, all other values 
of both variables giving a true development ; while in the former 
case, if the formula fails to develop a function for one value of the 
variable, it fails for every other value; 



35. If u = /(a;), 

and X be increased by A, we have for the second state 

tt' = /(ar + A), 
and by changing y into A in Taylor's formula, we obtain 

u' = /(* + A)=« + 5^A + ^ — + &C (1), 

which is iht development of the second state of a function. 

Otherwise, by substituting for «, —, -j-j-, <fec., the expres- 
sions /(a?), /'(*)» / '(^)» ^^t ^ ^° ^^' (2^)» ^® ^*^® 

u' = /(* + h) = f{x) + /'(x)h + /"(«)i^ + *c-; 

that is, the new state of tlie function is equal to its primitive statef 
plus its first derived function into the first power of the increment, 
plus its second derived function into the second power of the incre- 
nunt^ divided by 1.2, pltutj <&c. ; and this is but another form Ot 
Taylor's formula. 
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If the second state corresponding to a particular value of x^ 
as X = a, he required, we have simply to substitute a for or, 
and obtain 

/(« + /,, --. /(«) +f{a)h +/"(«)i^ + *«^; 

in which /(a), /'(a), f"{€t)j &c^ are symbols denoting what 
the primitive function and its successive differential coefficients, 
or derived functions, become when a is substituted for x. 
From (1) we have 

du^ . d'u h* ^ d^u A» . . 
rfa? c?x* 1.2 rfx* 1.2.3 

If we now put for h the particular value dxy we have 

d*u d*u 

^ 1.2 ^ 1.2.3 ^ 



36. If in the development of /(« + y) by Taylor's formula, we 

du d*u 

suppose a; = 0, and represent by A, A', A", <fec., what ti, — , -r-^-, 

d^c, become under this supposition, we have 

/(y) = A + AV + ^ + A/^ + Ac. 

A, A', A", <&;c., being constant, and since y is the only variable, 
wc may write x for it, and thus have 

A"i!» A'"«' 

/(*) = A + A'* + ^ + ^ + &c, 

which is identical with Maclaurin's formula. 



DIFFERENTIAL CALCULUS. 48 



dlffekeoetriation of logabithmio and exponential 

Functions. 

37. Let tt = log V, 

m which v is any function of x, and the logarithm is taken in anj 
tyistem. Increase x by A, then 

u' = log v\ tt' — u = log r' -- log V = log — . 
Subdtitnting for v' its value, Art. (12), this becomes 

u'- 11 = log ^ = log^l + j....(l). 

PA + P'A» 
By placing for y in the formula (Davies' Bourdon, 

Art 236), 

log (1 + y) = M(y - |! + |.' - &c.), 
we obtain 



and this in equation (I), after dividing by A, gives 
/ 



a — i« 



\ V J^ V* J 



whence, by passing to the limit, 
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du P Fdx dv 

^ = M-, du = M^^ = M— , 

ax V . V ' V 

iinco Prfoj = dv. 

For the Napcrian system, M = 1, and this expression becomes 

dlu = ^ .• 
II 

The differential of the logarithm of a quantity is, then, equal to 
the modulus of the system into the differential of the quantity 
divided by the quantity ; and this in the Naperian system, be- 
comes the differential of the quantity divided by the quantity 



Examples. 



1. If 



du = 



u 


= 


/(««•), 






dax^ 




Zax*dx 




3i' 

X 


ax* 




ax* 





_ \a — ar/ __ (a — x)* ___ 



du =r 



adx 

~ dx 



a a a — x 



a — X a — X 



Tlie differentiation of logarithmic functions will bo much sim- 
plified by the application of the principles for multiplication, di- 
vision, <kc^ by means of logarithms. Thus, in the above example, 



* 'nirou^boiit the 1)ook, t)i« symbol I before a quantity will indicate tb« 
Napcrian logaritlim of that quautity. 
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'• = '(7:b) = '''-^(''-')' 



da = dla — dl{a — x) = 



a — X 



8. Also, if tt = l[{a -\- xy y/a — ar], 



tc = 2l{a -\-x) + l/(a - x), 



, _ 2rfa; 1 rfj? __ (6a — 1x)dz 

~*a + a:""3a — a:"" 3 (a* — ar*)* 



4. Let .,Vl+*. + . 



Vvi 4- «* — ar/ 



Multiply both terms of the fraction bj^he numerator ; then 
u = l{Vl +a;« + «)• r± 21 {Vl + X* + x), 



. _ 2d{Vl -f a;* + a?) __ 2dx 

"" Vl + X* + X " Vl + X* 



Vl +x + Vl — a-\ , dx 



. ^, ,/Vl +g+ VI -x\ 

V V 1 4- a: — Vl — x/ 



Vl + a? — Vl - a:/ a: Vl — 



6. Let II = / (^^"T^)'- 7. Let ti = /(a + ar)« (a - ar)*. 



/^' 

/"-K 



vr^ 
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10. Let u =z (&)•; 
then, Art. (24), 

du = n(te) — 'dto = — ^— ^^ . 

11. Let ti = /(te); 

(f6; dx 



then (^tf = 



6; xlx' 



}Adx 


-r- = — -— = M(o + jr)-'; 

dx a + 4? ^ ' 

• 


_ \f ^/i J 


-U «Pu 2M 

- l?l — • . • — 



38. It has been seen, Art. (30), that log x cannot be developed 
according to the ascending powers of x. To obtain a logarithmic 
scncs, let us take u = log (a + jr), and develop it by Maclaa- 
rin's formula. By differentiation, Ac, 



du = 

d^ _ _ 

rf«« "" ~ ^^" ^ •"' " {a~+lcy' dx* "" (a + x)*' 

Making a; = 0, we have for the values of A, A', A'', &c^ in the 
formula, 

A = log a, A = — , A" = - ^» A'" = -^, Ac; 

whence 

/x X* a?' a?* \ 

tt = log a + M ( --—5 + -—J ± — J ; 

° \a 2a' 3a' na* / 

in which the logarithm of a quantity is expressed by a series, 
arranged according to the ascending powers of a quantity lesa 
by a. 

If a = I, since log a = log 1 = 0, the above series be 
comes. 



% 
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X* X* . ar" 



tt = Iog(l -h x) = M(j? — y-f J =t — .)» 

the ordinary l(^rithraic series. 



39. Let U8 now take the exponential ftincUon, 

« 

in which v is any function of x. Taking the Naperian logarithm 
and differentiating both meiubers, we hare 

lu = vlaj — = ladv, du = uladv^ 

or 

du = da* = a^ladv; 

that is, the differential of a constant raised to a power denoted by 
a variable exponent, is equal to the power, multiplied by the Nape- 
rian logarithm of the constant into the differential of the exponent. 



Examples. 
1. Let 



u = a , 



du = a^^la d.bx* = 2ha*^laxdx, 
1 

2. Let 



♦ ti = a^ 



,H '- ;■ '. «. 



40. If the successive differential coefficients of the function 
« = a* be taken, we have 
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du d^u d^u 

If in the primitive function and in each of these differential coeffi- 
cients we make a: = 0, wo have for the values of A, A', Ac, 
in Maclaurin*s formula, 

A = a° = 1, A' = /a, A" = (/a)«,.™ A"' = {la)\ 

and these in the formula give 



x* ,-..«' ,, . «' 



u = a'=l + ilu)r+ilay-+ilay—+^ila)'^^^^^^ 



41. By the aid of logarithms we may simplify the differentia- 
tion of complicated exponential functions. For example : 

1. Lot u = z', 

f and y being any functions of the same variable. Take the 
Naperian logarithms of both members, then 

lu = Iz^ = yfo; 
and by differentiation 

du dz 

- = rfyfe + y-; 

whence 

dz\ 



du 



= u(dylz -\- y — ) = z^lzdy + yz^^^dz^ 



which is evidently the sum of the differentiah^ taken by first re 
gardiv.''* y a^ the only variable^ and then z. 
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S. Let 



u = a»'. 



TUdng the logarithms of both memben, 



u 



du = a^' I'lalbdx, 



3. Loi 



= 1^; 



b = r&, — = — + iztritds + sr-'dt\ 

u z ^ ' 



du = z''V^ + Izlidz + ? ferfA. 



^ X' 



4. Let 

^ -. /* /-'. ^/j,' .• / i-.-t 



I 



V 



5. tt = (V^)< 






e. 



= «•. 



7. 



tf = 



-/- t 



€•- 1- 



^/•.'^ /^ .^^^'^/-^K,. 






^y 



/V 



DiFFKRBNTIATION OF THE CiRCULAB FuNOnONS. 

i 

48. Snice any arc of a circle, when less than 90^, is greater 
than its sine, and less than its tangent, we must ha^e for all 
rahiea of y less than 00^, 



smsr 



< 1 



and 



sin y sm y 
tany y 
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Bat 

tan y = — =-; whence ; — =- = coBy....(l). 

008 y tan y *- \ / 

Making y = 0, cos y becomes 1, and we hav'e for the limit of 
the ratio (1), 

L = 1; 

and since — ~ cannot exceed unity, nor be leas than : — ^, it 
y ^ tan y 

must, for all small values of y, be included between them ; and 

as - — - approaches the limit 1, — - must approach the same 
tan y y 

limit ; that is, tht limit of the ratio of an are U> it$ sine it unity. 



/ 



43. Let 

tt = sin «. 

Increase x by h^ then 

«' = sin(a; + A), u' — u = sin(« + A) — gin «, 

or by placing x + h for p and x for q in the formula, 

sin;) — siny = 2 [sin^(/> — g)co6i{p + q)], 

tt' — tt = 2 sin ih cob{x + ^A). 

Dividing both members by A, and then both terms of the frac* 
tion in the second member by 2, 

a' — i« sin ^A , . I ,x 

—h- = -p- «»(* + +*). 

and passing to the limit, since 
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\ ih A.. ~ • 

du 

-J- = COS XI 

ax * 

whence 

du = d an X = cos x dx. 

If « = C06 x, 

du=:d eimx = d sin (90**- ar) = coe(90*'-. a?) rf{90**-- ;p); 
whence 

<f cos X = — BID X cf^E. ^ 

If tt = ver-fiin ar, 

du ^ d ver-sin x = (2(1 — cos a?) = — cTcosx; 
whence 

« 

d ver-sin « = sin a; dx. 
If ti = tan a:, 



J J * , sin « 

du =z d tan x = d 

cos or 



__ {eoBxd nnx — tmxd cmx) __ dx{cw*x -f- sin'a:)^ 

~ COS'X ~~ 008*1? ' 

whence 

dx 



(f tan a; = 



cos'ar' 



* This notation indicates that the expreaston for the quaniitx witliiri 
tlie parentbesiii beoomev aoity when A = 0. 
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If « = cotar, 

rfu = rf cot « = rf ton (90** - «) = — Yn-s H't 

^ ' cob'(IM)**— «)• 

whence <£ coto; = ;— r-, 

un'o? 

If « = secar, 

1 sin X dx 

au =1 a sec :b = tf — 

c< 

whence 



du =z d sec X = d — r — , 

cos X odb'op 



ton X dx 
a sec rr = = ton x sec « dx» 

^ cos a; 

If u = cosec a;, 

du =: d cosec « = rf sec (90° — rr) = cot rr. cosec x rf(90° — x) ; 
whence d cosec a; =: — cot x . cosec a; </a?. 

If any other radius than 1 be used, it must be introdnced into 
these formulas, by rendering them homogeneous, as in Trigo- 
nometry. Thus the formulas for the differential of the sine iand 
cosine become 

, . cos X dx . an X dx 

d ein X = — ^ — , a cos a; = — — — — . 

Examples. 
1. If ti = sin — , 

a 



. bx .hx b bx , 

au = cos — a — = - cos — cmr» 
a a a a 
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2. If t« = COS-, 

X 

du = — Bin - o - = -r- an - ax. 

XX X* X 

3. If tt = tan (a — rr)*, 

_ J(a -- a;)* _^ 2(a — a;)c{:B 
~ COB* (a — rr)* "" cos' (a — rr)** 

4. If tt = cot'd;, 

2 cot a? dx 

du = 2 cot a? a cot a? = ^^ . 

sin 'a; 

5. If t« = (cos «)■*■•, 

make cos a; = z, sin a; = y; then u = z\ and Art (41), 

(sin 'a? \ 
cos a? / cos a; 1. 
cos X/ 

6. Let t« = — '. 1. Let « = tan(— m Vx). 

X ^ ' 

44. In the preceding article we have found the diflferentials of 
the siney cosine, <&c^ in terms of the arc as an independent vari- 
able ; let it now be required to find the differential of the arc, in 
tennB of its sine, cosine, &c. 

If tt = sin a?, then x = sin-*tt,* 

du 

du = cos X dx. and -r- = cos x, 

dx 

* Hie notation sin — ^u, tan—^u, &c., is used to designate the arc whom 
ku; «&oie tangent it u, &c. 
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If now X be regarded as the function, and « as the independent 
variable, we have, Art (18), 



dz 



du du cos x^ 
di 



and since cosjt = Vl — sin** = Vl — «'f 



dx \ y J du 

whence dx = 



du y/i _ „i' Vl - «•" 

If 

-.1 du 

II r= cosar, ap = cos 'u, -7- = — sinx; 

dx 
dx \ 1 1 



du sin a; Vl - cos*a? Vl - «»* 

whence 



Vl - u^ 
If 



t« = ver-sin X, a; = ver-sin*"'!!^ 



du . ^ dx \ 



-T- = sin X, and ^- — -; — . 

dx du fXBLX 



or since 



sin X = V(2 — ver-sin x) ver-sin x =± V(2 — ti)a, 



</x 1 _ _ rfw 

whence ax = 



<^w V(2-w)m' V2t«-ti* 
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If 

du 1 

11 = tan X, z =1 tan^X 



dx cos'** 
dx 



= C08*X = 



du sec'* 1 + tan'* ' 

whence 

du 



dx = 



1 + u 



V 



When required, the radios may be introduced into these for- 
molasy as in the preceding article. Thus, the last formula will 
become 

RVtt 



dx = 



R' + tt'' 



Examples. 



1. If X = sin-*2uVl — u\ 



. _ d{2uV\ — ti*) 2du 

Vi - (2uVi - u*y " Vl - u* 



2. If * = tan 



'(- :-> 



dx = 



<-;) 



y/ _ «^y 



• + (y 



«• + y»* 



». If « = c«-'-i^, rfu= -«^y 



«-y (a-y)\/a'- 2oy 
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1 ^ dx 

4, If t« = ver-ain"*-, du = 



*' ap-v/gap— l' 



46* To develop the sine and cosine of x^ in terms of the 
cending powers of x^ we use Maclaurin^s formula. Thus : 



du 
1. tf = sm X, -T- = cos ar, 

aX 



d*u d*u 

— = - sma?, Sir = - «>8«, Ac 



Making a; = 0, we obtain for the values of A, A\ Ac^ in the 
^rmola, 

A = 0, A' = 1, A" = 0, A'" = - 1, Ac; 

thence 

u ^ sm ap = — — 4- — dec 

1 1.2.3 ^ 1.2.3.4.6 

S. tt = COB a:, 

du rf*tt rf'tt 

m which, making a; = 0, we obtain 

A = 1, A' = 0, A" = - 1, A'" = 0, Aa; 
and thence 
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These series, for small values of 2, are very converging, and 
will give with great accuracy the values of sin x and cos x for 
•mall arcs, and may therefore be used in the calculation of a table 
of natural sines, &c. Thus, R being unity, we have for the semi- 
circamference or tt, the number 3,14159..^; this divided by 180, 
and the quotient by 60, will give the length of the arc \\ which 
value, substituted for x in the series, will give the sine and cosind 
of one minute. 



46. We can also develop the arc in terms of its sine, tangent, 
*c. If 

dx 1 
X = sin~'M, — = Art (44). 

du vT^ «• 

^ = u(l-ti«)-f, g=(l-u«)-| + 3u«(l-ur*,Ae. 

Makiog tt = 0, we obtain 

A = p, A' = 1, A" = 0, A'" = 1, &c.; 
and by substitution in Maclaurin^s formula, 

, = sm 'tt = u ? ^-^ + 1:274:5 + *^ 

If « = -j^ = sin 80^, this series becomes 

111 3 

X = sin^* - = 30** = - H r H 1 + Ac- 

2 2 ^ 1.2.3.2* ^ 1.2.4.6.2* ^ ^ 

bj the 'summation of which, we find 

30** = 0,62359 , 

and multiplying by 6, 180** = tt = 3,14159..^^^ 
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47. If 

« = tan-S ^ = ^-i-j^ = (1 + u')-'.... Art (44), 

And the development may be made as in the preceding article ; 
or otherwise thus: Developing (l+tt*)~* by the binomial 
^rmula, we have 

dx 

-7- = 1 — ti* + u* — u* + Ac (1); 

au 

and since, by differentiation, the exponent of u in each term is 
diminished by unity, we must have, before the differentiation, an 
expression of the form, 

« = Att + Btt» + Ci*» + &c.; 
whence 

^ = A + 3Bu« + 6Cu* + &c (2> 

Comparing the coefficients of the like powers of u in (1) and (2), 
A = 1, 3B = - 1, and B = - i; 5C = 1, and C = \, Ac; 

o % 5 



ti» _ u* tt' 



whence 

X = tan"'tt = t« — ^4-^ — ^ + &c (3)b 

o u 7 

If ti = 1 = tan 45^, this series becomes 

;r = 46» = 1 - i + 1 - 1 + &c, 

which is not sufficiently converging to enable us to determine the 
length of the arc with accuracy. To obviate this difficulty, we 
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will make use of the principle that the arc 45° is equal to the arc 
whose tangent is ^, pins the arc whose tangent is ^,* 

F^m equation (3), by the substitution of ^ and ^ for u, we 
have 

*^" 2 = 2-372^"*" F:2-' "^72^ + *"- 



hence 



2 3 



« — TT-TT. + ^-^ — Ac. + - — --— i + ——T — Ac. = 0,78539...... 

2 3.2» 6.2* 3 3.3» 5.3* ' 

which, being multiplied by 4, gives n = 3,14159 



.••.•..••• 



Dkyelofment of the Second State of a Function of 

ANY Number of Variables. 

48. Heretofore our rules for differentiation have been limited 
to functions of a single variable; it is now proposed to extend 
them to functions of any number of independent variables. 



* To prove this principle, take the formula 

tan a + tan 6 

tan (a + 6) = — r. 

^ ' ' 1 — Un a tan 6 

Kike tan a = i, and a + b = 45'' ; 

then, tan 45® = 1 = , , -; whence tan5s=|; 

1 — I tan 6 • 

hMee 45* = fl + 6 = Un-»^ + tan-'J. 
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Let tt =/(jr,y>; 

X and y being entirely independent of each other. Tho Hcond 
state of the function will evidently be obtained by giving to both 
X and y variable increments. First let x receive the increment A ; 
/(^» y) tlien becomes f{x + A, y), which (if y for a moment 
be regarded as constant) m^ be developed according to the 
ascending powers of A, by Taylor^s formula ; whence 

;r(, + A,y) = u + -A+^— +-^-^-^ + &c....(l), 

in which -r-, -t-ti &C., are the differential coefficients of 
ax ax 

u =/(x, y), taken under the supposition that x alone is variable; 

and are evidently all functions of x and y. If in this development 

we now put y + ^ for y, we shall obtain in the first member 

/(x + A, y + k\ which is the second state of the function «. 

The first term of the second member (u), being a function oi x y 

and y, will, when for y we put y + ^, become 

du d^u k* d^u k* • . 

/(X.y + *) = u + -A + ^— + ^--^ + Ac. 

In the same manner, -r-, when for y we put y + k, may 
be developed, and will give, Art (33), 



fdu\ _ ^ , "^ \rfar J ^ "^ Veto J Jb« 

Uar>/,_,+4 "■ rfx "^ rfy "^ rfy« 1.2 "^ ' 

or reducing, 

fdu\ __ du d*u rf»tt_ ** 4- A: 
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Ako, 
Vrf:rV,_^+» "" dx* ^ dx*'dy ^ dx'dy*l,2 ^ * •» 

/d'u\ _ d'u d'^ U ^ Mr 



These values being substituted in the second member of (1), 
giTC for the development of the second state of a function of two 
variables, 



du, d*u d*u kk* 



•••••••••• 



(2). 



d*u A« rf^t A'* 






(n this development u is the original function ; — is its 

differential coefficient taken under the supposition that j/ alone 

varies, and is called the partial differential coefficient of the first 

d^u d^u . 
order J taken with respect to y ; -— j-, -7-j, &c., are successive 

differential coefficients taken under the same supposition, and are 

cmiled partial differential coefficients of the second^ third, d'c^ order, 

du d*u d*u 
taken vfith respect to y. ~r-, -r— r , -j—r- , are obtained from the 

dx dx^ dx* 

original function under the supposition that x alone varies, and 
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are called partial differential coeffieienti of the firit^ teeand^ 4kt^ 

d*u 
order J taken with respect to x; is obtained bj differen- 

du 
tiatiDg -7- with respect to y and dividing the result by <fy, and 

is called a partial differential coefficient of the second order^ taken 
hy differentiating first with respect to x and then with respect to y ; 

and, in general, , ^ is a partial differential coefficient of 

the m + n*^ order, and is obtained by differentiating first n times 
with respect to x^ and then m times with respect to y. 

By an examination of these results, we see that from a function 
of two variables there are derived two partial differential coeffi- 
cients of the first order, viz. : 

du . du 

three of the second order, viz. : 

d*u rf'u d*u^ 

5^' 5i5y' dp' 

four of the third order, &c. The expressions, 

du du d*u d^u 

obtained by multiplying the several partial differential coefficients 
respectively by (far, rfy, dx*^ dxdy^ Ac, are called partial differen- 
tials^ and are the results obtained by differentiating a function of 
two or more variables^ as though^ at each differentiation^ . all the 
variables but one were constant. 



49. If, instead of first increasing x by A, we increase y by k, we 
shall obtain 
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du ^ d^U k^ d'u k* . ^ 

and if in this we put ar + A for a-, we shall evidently dednce 

, du , . rf'u ,, " « 
ay dyaz 

d'u A« 

■^ -rf^O "*" ^'-^ 

which development must be identical with the one in the pre- 
ceding article ; hence the terms containing the like powers of A 
and k must be equal to each other, and we must have 

d*u _ d*u d^u _ rf'u rf'+^tt _ <;•+"« 

dxdy "~ dydz^ dxdy* "" dy*dx^'''^'"dx*dy'^ "" dy^dx*^ 

which shows that we shall obtain the same result, whether we 
differentiate first with reference to x and then with reference to y, 
or the reverse. 



50. Let it now be required to develop the second state of the 
expression 

u = j-y- (1). 

^Differentiating with reference to x and y respectively, we obtain 

^ = mx— y* (2), ^ = n*-y— (3). 

Now differentiating (2), first with reference to x^ and afterwards 
with reference to y, we obtain 
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* 

In the same manner, by differentiating (3), first with referenee 
to X, and then with reference to y, we obtain 

-— — = mnx*~'y*~' =-7—7-, -r-: = n{n — l)«*y •"'... .10); 
dydx ^ dxdy' dy* ^ ' ^ ^ '^ 

and by continuing the differentiation of (4), (5), and (6), 

d^^ , X . ^v • d^u , X « • 1 • 

^p.= m(m-l)(m-2)x— »y-, -^_ = m(m-l)iM:— V"'.*c. 

Babstituting these values in the formula of article (48), we have 

(ap+A)-(y+Ar)- = x^y^ + iw-y— «Ar + n(n-l)ar-y— •:j^ +.jfce. 

1 .^ 

+ •w«*'"*y"A+ fwna;*"'*y""'AJt + d(C 

A* 
+ m(m— l)a?'*-y — +*c 



61. Let us now take the general case in which ti is a functioii 
of any number of independent variables ; that is, let 

ti = /(«, y, 2, &c.). 

It is plain that we may deduce the development of the second 
state of this function in precisely the same way as in article (48), 
by first increasing x and y; then in the result thus obtained in- 
creasing z, and in the new result increasing one of the other vari- 
ables, and so on until each shall have received an increment : We 
shall thus find 

^(x+A, y +A-, 2+^ &c.) = /(or, y, z, &c.) -}- ^^*+7-*+T-^+ *^ 
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Differentiation op Functions of two or more 

Variables. 

62. If from both members of the last equation of Uie preceding 
article we subtract /(x, y, sr, &c.), we have 

/('+^> y+*, 2r+/, &c.) —/(a:, y, «, &c.) = 5;^^+^^+^^> *<^ 

pins other t<jrms which will be of the second degree at least, with 
reference to the increments A, k, /, &c. ; and this is the develop- 
ment of the difference between the new and primitive states of a 
function of any number of variables. If in this development we 
substitute for h^ k, I, &c^ the constants dx, dy, dzy &c^ and take 
the sum of all the terras of the fii-st degree with reference to these 
constants for the differential of the function, thus extending the 
definition in Art. (10), to functions of any number of variables, 
we have 

t ^^r ax du . du _ du , 

du = df{x,y,z,&c) = — rfx + ---dy + —dz + &c. 

The first member, which is the symbol for the differential of 
the function, is often called the total dijfercutial of the function, 
to distinguish it from the terms in the second member, each of 
which is a symbol for a partial differential. From this we see 
that tlic differential of a function of any nun)ber of variables is 
equal to the sum of the partial difft-rcntialH of the function. 

It is important, in all operations, to preserve the notation as 
given for the partial differentials, as we thus not only distinguish 
them from the total differential du, but know In each case with 
reference to which variable the partial differential is taken. 



5 
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1. If tt = az*y\ 

■j-dx = 2axy*dXf -ydy =z Bax*y*dv; 

ax ay 

hence 

du = 2axy*dx + Zax^y^dy, 



2. If 

= ^ y. S du=:^^{a-^x^)[2xydx + {a^x')dyl 

8, If t* = axy*z\ 

du = ay*z*dx + 2axyz*dy + Saxy^s^dz* 

m 

4. If ti = ten '-, au = - — r — ; ~. 

y y' + «• 



6. Let ti = ^^ 6. Let ti = a?'. 

\/x« + y« 



63. Having obteined the first differential of a function of two 
▼ariables, we may firom this at once derive the sacoessive differen- 
tials. Since 

du du 
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du 
Differentiating -y-^^i ^^ ^^^ reference to x^ and then with 

reference to y, we have 

(du \ d*u d^u 

-dx) = —dx' + ^rf«iy; 

and in the same way, 

^/du \ d^u d^u 

whence, sinoe 

rf*tt d*u 



dxdy dydx 



Art (49), 



>• d*^ t . . « d^u , - d^u , , 

d^U = ^d.' + 2^^d^y + ^d,K 

Differentiating this result, since 

\dx* J dx* ^ dx'dy ^' 

di^dxdy) = -^^dx^dy + -^^dxdy\ 
\dxdy ^J dx'dy ^ ^ dxdy* ^ ' 



,(d^u 'A d^u _ ._ a'ti , , 



we derive 



d*u = -— rfjt* + ^-—dx^dv + — -cfxrfv* 4- -— </v*. 
<te> ^ dx'dy ^ ^ dxdy* ^ ^ dy* ^ 

In the same way the differentials of a higher order may be 
derived; and in like manner we may deduce the successive difTt.-r- 
^ntiala of a function of any number of variables. 
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Development of any Function of two ob mobb 

VaKLA3LE8. 

54. If in tlie developincnt (2), article (48), we make both se 
and ?/ equal to 0, the first member will become a function of h 
an J k ; the first term of the second member, and the different co- 
(.'fiicicuts of k and k will, under the same supposition, become 
^N)ll^itants. Denotin|y by A what u or /(r, y) becomes when 
r and y are made ; by B and B' what the partial differential 
roellicients of the first order; by C, C, and C what those of 
the second order; and by D, D', D'', and D'" what those of 
the third order become under the same supposition, we obtain 

/(A, k) = A -\- (BA + B'X:) + -i- (C/*" -f 2C'kk + CXr*) 

1 • ^ 

+ YY^ (m» + 3D7.«^ + &c.); 

or since we may change h and k into x and y, we have for the 
;j:oneral development of any function of twf> variables, 

/{x, y) = A + (Bx + B» + -1- (Cr« + 2C'xy + C'Y) 

+ T-TT^ (I^-«* + SD'ar'y + &c.). 

If in development (2), above referred to, we make y and k each 
oqual to 0, u becomes a function of x alone, and we have 

.,(, + ,) = , + __;. + _ __. + _ __ +&C., 
which is Taylor's formula. 
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In the same dcvcIopmcDt, making x^ y, and k^ each equal to 0, 

and denoting by A, A'. A". d:c, what u, ^«, % &c.. reduce 

Ux ax 

to under this supposition, we obtain 

/(A) = A + A'A + A" .-^'2 + '""'"i^ + *<^-' 
or changing h into x, 

f(x) = A + A'* + A" ^ + A'"^-^ + &c, 
wbicli is Maclaurin^s formula. 



65. By making ar, y, 2, &c., each equal to 0, in the development 
of Art (51), and then changing A, k^ /, <fec., into a*, y, z, <fec., we 
may deduce the development of a function of any number of 
variables. 



Differential Equations. 

56. The most general form of an equation containing the two 
variables x and y, is 

f{x,y) =/'{x,y) (1). 

Since y, in this case, is an implicit function of x, Art. (4), we 
may suppose its value in terms of a; to be substituted in equation 
(1). Each member will then be an explicit function of x; and 
since these functions are equal, their differentials will be equal, 
Art. (15). Hence, to obtain the differential equation of a given 
equation containing two variables, or the equation exprenaiwf the 
relation between the variables and their differentials : DiffLTcntiato 
each member as a function of a single variable, and place the two 
results equal. 
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Should either member be or a constant, the differential of the 
other will be equal to 0. 

Since every term of the differential equation thus deriyed will 
contain dx or dy^ we may, by transposition, place it under the 
form, 

Tdx -h Qdy = (2); 

from which, after dividing by dx, we may at once obtain an ex- 
pression for the differential coefficient, -r-. 

It is also manifest that the first member of the above equation 
(2), may be obtained by transposing all the terms of the given 
equation into the first member, and taking the sum of the partial 
differentials, as though x and y w^cre independent variables. It 
should be observed, however, that owing to the relation between 
^ and y, dy is not constant, but will in general bo a function of x. 



57. If an equation contain three variables, one will necessarily 
Ihj a function of the other two; and each member may be re- 
garded as a function of two independent variables, and may be 
differentiated as in Art. (52), and the two results placed equal to 
each other. 

In accordance w^ith the same principles, and in precisely the 
same manner, the differential equation of one containing any num- 
ber of variables may be derived. 

If the differential equation derived by one differentiation be 
again differentiated, the new differential equation will be of the 
jiecond order ; and if this be differentiated, we shall have one of 
the third order ^ and so on. * 

1 . If we take the equation of the circle 

y' = R* - ** (1), 
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differentiate each member, and equate the results, we have 

2ydy = — 2xdx (2); 

from which, after dividing bj dx and 2y, we obtain 

i'=-j (')• 

Dividing equation (2) by 2, and then differentiating, ar, y, and 
c^y, being variable, we have 

rfy« + yd*y = - dx*; 

whence 

dy* X* 
1 + _±- 1 J 

^=- « <^^' ^ _ y' ^ _ y^ + x\ 

dx* y y y' ' 

«»ce 5-1 = ^ equation (3). 

Equivalent results may be obtained by differentiating the ex 
prearion y = VR* — ^S deduced from equation (1). 

2. If y« — 2mary + «• — a» = (1), 

2yefy — 2mxdy — 2mydx + 2j;(fa; = (2); 

whence 

dy my — x 
dx "^ y — mx' 

Differentiating (2), and dividing by 2dx\ we obtain 
, . d*y dy* dy 
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from wliicli, after the substitution of the expression for -y^, we 
may obtam the expression for the second differential coefficient 

3. Let y' — ^axij + x' = 0. 

Equations derived as above, immediately from the primitive 
equation by differentiation, are named immediate differentiid 
equatio7is. 



58. Differential equations arise, not only from simple differen- 
tiation, as in the preceding article, but from the combination of 
Hie successive immediate differential equations with each other 
and the primitive equation, in such a way as to eliminate certain 
constants, or particular functions, which enter the primitive equa- 
tion. Thus, if we take the equation of the right line, 

y = ax -h b (1); 

differentiate, and divide by dXy we have 

di/ 



dx 



= « (2), 



a result which is the same for all values of b. By the substitation 
of this value of a in equation (1), we have 

ydx = xdy + bdx, 

which is the same for all values of a. 

Differentiating (2) and dividing by dXy we obtain 

dx* "' 
which is entirely independent of both a and b. 
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2. Take also the equation of the conic sections 

y« = "Ipx + r*x' (3). 

By two differentiations, we get 

lydy = 2/>(/« -f- 2r*xdXf 
dy* + i/d^y = r*dx\ 

By combining the three equations, 2p and r' may readily be 
eliminated, and an equation obtained which will be entirely inde- 
pendent of them. The result of this elimination is 

y*dx^ + x^df/^ + yx*d*y — 2yxdydx = 0. 

3. By differentiating the equation 

y» — 2ax* -f a" = 0, 
and eliminating a, we obtain 

IQyx^dx^ — 2ix^dydx + 9yVy' = 0. 

And, in general, all the constants of any equation may be elim- 
inated by differentiating it as ninny times as there are constant*. 
The differential equations thus obtained, with the given equation, 
make one more than the numb<!r of constants to be eliminated ; 
an equation may therefore be derived which will be freed from 
these constants. Equations thus obtained are properly the differ- 
ential equations of the species of lines, one of which is represented 
by the given equation, since, being independent of the constants, 
they are evidently the same for all lines of the same kind referred 
to the same co-ordinate axes. 

4. Let 
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dy = —(a* + «•)• 2«rfa: = 7-^-: — ^ » 



or substitating y for (a' + 2*)*, and cleariog of fractions, 

n{^a} '\' x*)dy = 2mxydx\ 
a differential equation free from the irrational function. 

5. Let 

y = a sinx — 6 coso;, 

dy = a co8 xdx + h sin xdx^ 
d*y = — asmxdx^ + b coBxdx\ 
d*y = — ydx*] 
which is free from the circular functions. 

6. y = €* cosiP. 7. y = /(sinx). 



59. The Differential Calculus enables us also to eliminate, from 
an equation containing three variables, an arbitrary function of 
either two, the form of which may be entirely unknown. Thus, if 

« = F[/(',y)], 

■ 

the form of the function designated by the symbol F being 
arbitrary, we can find a differential equation expressing a relation 

du du 

between a-, y, and the partial differential coeflScients -7-, -r-, 

which will be the same, no matter what the fom^ of the function 
K may be. 
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Make f{x,y) = z (1), 

then tt = F(z), 

DiffereDtiatiiig this, first with reference to or, as the independent 
Tftriable, and then with reference to y, we obtain, Art (19), 

du du dz du du dz 

dx dz* dx^ dy ~ dz'dy^ 

dividing these equations member by member, and then clearing 
of fractions, we have, 

du dz du dz 

ajr ay dy dx ^ 

By substitating in this tlie values of — and -7-, taken by 

differentiating equation (1), we shall have the required differential 
equation. Such equations are called partial differential equations. 
To illustrate, suppose 

1* /('» y) = ax + by, and u = ¥ {ax -f- by). 
Place ax + by = z, then 

— - = a, . and -7- = 6. 

These values in equation (2), give 

,du du 

b — — a — = 0. 
dx dy 

2. Let 
/{x,y) = «* -h y* = 2, wid u = F(a?* + y'). 
Differentiating 2, we find 
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iz -, ^z ^ \ 

-J- = 2x, and -7- = 2y; 

ax at/ 

ThcM5 values in equation (2), give 

du du 



3. Let /(J, y) = y and u = F Q. 



4. Let u = F(€*siny). 



CUAXGE OF THE INDEPENDENT YaRIABLB. 

60. In the discussion of expressions containing the successive 
differentials or differential coefHcients of a function, it is often 
desirable to change the independent variable, and to regard the 
primitive function, or some other variable quantity, as the inde- 
pendent one. 

This has been done in Art. (44), and is simple in cases like this, 
^'hen the first differential coefficient alone is considered. Should 

the second differential coefficient -r-T enter the expression, we 

must remember that it was obtained, as in Art. (28), by differen- 
tly 
dx 

obtaining 

dx ' 

If we now consider botli d*/ and dx as, variable, and differentiate 
-7— as in Art (2G), we have 



tiating -7^ as a fraction with a constant denominator, thns 
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dxd*if — dyd^z 



{g) = 



dx 



d'^V 
and this should replace -j- whenever it enters an expression, 

if we desire a result in which neither dx nor dy is rc^xardcd as the 

independent variable ; or for -~ we should substitute the above 
expression divided by dx^ that is 

dxd^y — dyd*x 



dx' 



(1). 



d^y 
If we recollect, also, that yj- is obtained by differentiating 

-T-^ and dividing by dx^ we shall obtain an expression to replace 

it by differentiating expression (1), without regarding any of the 
differentials as constant, and dividing by dx. Thus, differentiating 
and reducing, we have 

(dxd^y — dyd*x)dx + S{dyd^x — dxd^y)d^x 

dx' ••••(2); 

and in a similar way, by differentiating this expression and divi- 



ding by </x, we shall obtain an expression to replace 



dy' 



dx 



4* 



Tm t ... d^y d^y . 

Wncnever we have any expression coutauung -y-^, -^, <fec., 

in which x has been regarded as the independent variable, and it 
is desirable to change to a more general one, in which neither x 

nor y is independent, we have simplv to substitute for -7-4, -p-^, 

dx^ dx* 

&c^ the expressions (1) and (2). If in the result we desire to 

make y the independent variable, we must place 

d*y = 0, d*y = 0, <S:c.; 
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in which case the particular ezpresBions (1) and (2) reduce to 
dyd'x Sdyjd'xy - dydxtPx 

which may be used directly when we wish to change hom x to y. 

Ecample. 

If we take the equation 

d^y du* 

d^y 
and substitute for -j-~% expression (1)9 we have, after reduction, 

y{dxd^y — dyd^x) + dy^dx + dx* = 0, 

in which neither x nor y is regarded as the independent variable. 
If y be regarded as the independent variable, d^y = 0, and 
we have, after dividing by dy* and reducing, 

d*x dx* dx 
^1^ " dp " d^ ^ ^' 

61. If we have a differential equation containing s, y, and the 
successive differential coefficients of y ; and we also have x given 
as a function of another variable, or x and y as functions of two 
other variables, and desire to deduce an expression, in the first 
case, independent of x and its differentials, and in the second, 
independent of both x and y and their differentials, we must first 
transform the given equation into its most general form, as indi- 
cated in the preceding article, and then deduce the values of </y, 
dx, d*y, and d*x, from the equations expressing the relation 
between x and y and the new variables, and substitute them in 
the general form. 
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1 Let OB have 

dx' 1 - x'dx + 1 ~ ^« - " ^*^' 

and X = cos 6 (2). 

d*y 
Substitute in (1), for -^» expression (1) of the preceding 

luticle, and we obtain the general form, 

d^ydx — d*xdy x dy y n /o\ 

di*-- ~ iT^T'^ + iTTT' - ^- ■ • •<^^- 

Differentiating equation (2), r^arding 9 as the independent 
▼mriable, we have 

dx = -^ sin^rfa, rf*a? = — co^edOK 

Substituting these in (3), and recollecting that 

1 — a?» = 1 — cos* a = sin* ^, 

we have, after reduction, 

independent of x and its differentials. 



^ 2. Let 

, = ^^L^ (1); - = rcos.) 

ydy + xdx ^ ' y = r sm v ) ^ ' 

Differentiating equations (2), we have 

dx = co%vdr — r auvdv, dy = sintrcfr + r cosvdv. 



7' 
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Substituting these in (1), and reducing, we obtain 

rdv 
' = "rfr ' 

in which cither r or v may bo regarded as the independent 
variable. 



Vanishing Fractions. 



62. In the discussion of the results obtained by the application 
of the Calculus, we often meet with expre«>sions which, for a par- 
ticular vjilue of the variable, become [J. This, although in general 
the algebraic symbol of an in<letorminate quantity, doe^ not indi- 
<»ato such a quantity in the particular cases referred to. As in the 
example 



ax — jr 



«« - x^' 



which becomes g when a: = a ; if we divide both numerator and 
denominator by the common factor a — x, w^e obtain 



X 



a. + x' 



and this, when a: = a, reduces to ^, which is the true value of 
tlie fraction in the particular case. 

Expressions of this kind are called vanhhin^ fractions, and 
reduce to JJ iu consequence of tlie existence of a factor common 
to both tfMins; which factor becomes under the particular 
supj»ositit>n. 

All such fractions may be represented generally by the ex- 
pression 

V_(_x - a)^^ 
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IB which P $sBd Q are fanctioDs of «, Bot containing the factor 

iF - *)' 

There are three cases : 

1. When a> = N, the fraction become* 

P(» - a)» ^ P. 
Q(;r-a}- ~ Q' 

whidi, when > = a, becomes a finite quantity, 

P... 

qt::* 

2. When » > ff, k umj be pot under tilie form 

Q ' 

#• — « being podtive ; and this, when x =z Oj becomes 





Q... 



== 0. 



8. When m < n, the fraction may be put under the form 



Q(x-a)— • 
n ^ m being poeitiye ; anid this, when x = a^ becomes 

P.-. 



= 00. 



We see from the above, that if we can, by any process, ascer- 
tain the relative vidnes of m and ??, wc shall know the tme value 

of the fraction when x = q, 

6 



/ 
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63. Whenever the common ^tor can be readily discovered, 
the simplest method of obtaining the true value of the fraction is 
to strike it out, and then put for the variable its particular valoe. 
But as in most cases it is not easy to detect this &ctor, other 
methods become necessary. 

Let - be a vanishing fraction, r and 9 being functions of j^ 

o 

and let a be the particular value which, substituted for 7, reduces 
the fraction to §. 

Tt is plain that, if we substitute a + A for a;, and, after reduc- 
tion, make A = 0, it will amount onlv to the substitution of a 
for X, Suppose this substitution made, and that in the result 
both numerator and denominator arc arranged so that the expo- 
nents of h shall increase from left to right ; we then have 






in which A, A', B, B', m, n, &c., are constants. After reducing 
this fraction to its lowest terms, by dividing both numerator and 
denominator by that power of A which is indicated by the smallest 
exponent, we shall have one of throe' cases. 

1. K m = n, 

/r\ _ A + BA*^-* + &c 

V«/.-.+A - A' + B'A-'- +'&c- 

i. If m > n, 

AA— -f &c 



\ */—.+* "" A' + &c. 
S. If m < 91, 

/r\ _ A + & c 
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Now mikiiig A = 0, we have for the trae valae in the three 



'• a..=v - a..=h-'- 



V C).. =^ 



OD. 



Whence we derive the general rale : /br the variable^ substitute 
ikai palue which causes the fraction to reduce to }, plus an incre- 
mmU ; reduce the result to its simplest form^ and then make the 
imerement equal to 0. The final result will he the true value of 
the fraction for the particular value of the variable, and may be 
finite, zero, or infinite. 

The effect of the application of this rule is evidently, by the 
rednction of the fraction to its lowest terms, to cause the common 
fiMSior to disappear. To illustrate, take the fraction 

which becomes ^ when x =z a. 

For js, pot a + h\ the primitive fraction then becomes 

^ {2 ah + h')i 

» — ^ • 

Dividing both terms by A^, we obtain 

(2a + A)*; 
which, when A = 0, becx>mc8 (2a) ^, the true value. 
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In this case the common &ctor {z — ay is evident; strikiii^ 
it out, we have 

which becomes (2a)^, when x =z a. 



64. The application of the general rale of the preceding article 
which is strictly algebraic, will, in most cases, give rise to compli 
catod algebraic work. We may, however, by the aid of the Dil 
ff^rcntial Calculus, deduce a practical rule of much more cas) 
application. Thus, if the vanishing fraction, as in the preceding 
article, bo 

tt = -, then r =z u$. 

dr = udt 4- 9du] 
in which, if we make a; = a, we shall have (since »..« = 0), 

whence 



" — w... - (i^! ^*^ 



for the true value of the fraction in the particular ease. 
If (rf^).-. = 0, this value i^ 0. 

If («?«).-• = 0, it is OD. 

If both are at the same time, the second member of (1) 

dr 
becomes §, and -p is a new vanishing fraction ; then, as above, 

as 

wc take the differentials of both its tenns, put a for t, and thus 

obtain 
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" — (d's)..: 

If this again becomes ^, we continue the same process, and have 

and 80 on. The rule may then be thus enunciated: Take the 
differentials of the numerator and denominator ; in each, substitute 
that value of the variable which reduces the original fraction to § ; 
if both do not reduce to or infinity, wliat the former becomes 
divided by what the latter becomes, will be the true value of the 
fraction. If both reduce to 0, take the second differentials, and 
make the same substitution; or continue the differentiation, dcc^ 

until two differentials of the same order are obtained, both of which 

* 

do not become or infinity ; what one becomes divided by what the 
other becomes, will be the true value of the fraction. 

It should be observed, that the effect of the application of this 
role is, at each differentiation, to diminish by unity the exponent 
of the factor which causes the fraction to reduce to %, Art. (28). 
If the exponents of this factor in the numerator and denominator 
aie fractional, and not contained between the same two consecu- 
tive whole numbers, it is plain that the least one will be reduced to 
a negative number, by a less number of differentiations than will 
be required by the other. The differential of that term of the 
fraction which contains it, wTll then, by the substitution of the 
particular value of the variable, reduce to infinity, while that of the 
other reduces to*0, and the true value of the fraction will be either 



00 







_- == 00, 


or 


— = 0. 


• 




GO 



11^ however, these exponents are contained between tlie same 
two consecutive whole numbers, they will become negative by the 
nnmber of differentiations, and the differentials of both tonus 
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of the fraction reduce to infinity at the same time, as will the aoc- 
cessive differentials. In this, the only failing case of the rale, we 
shall not be able, by its application, to obtain the true value of 
the fraction, but must fall back upon the general rule. Art (63). 
As an illustration of this, wo may refer to the example in article 
(63), in which the second differentials, and all which follow, be- 
come infinite when x = a. 



Examples. 

1. K 

r «• — 1 



8 a: — 1 • 



which becomes J when a; = 1, 

dr = !«?•-* (far, ds = dx\ 

making :r = 1, in each of these, wo have 

(<'r),„, = ndx, (^«)— 1 = ^*% 

and 

ndx 



(;)... = 



^ ='^ 



2. K 

r 1 — Mno? 



s cos« ' 



7r 
which becomes % when a? = -, 



dr = — cosxdxj rf* = — - sinmilr; 
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mailing « = ~ in each, we have 



the qootient of which is 0, the trae value of the fraction. 



3. If 

r ax* — 2acx + ac* 
• "^ bx* — 26ca: + be*' 

dr = (2a« — 2ae)dx^ ds = {2bx — 2bc)dx, 

both of which reduce to 0, when x = c. Differentiating again, 

dV = 2adx\ d*s = 2bdx\ 



mnd 



(t).-. ~ ~b 



a* — 6* 
4. Take when x = 0. Ana. la — /6. 



5* ^ ^ flf = 0. Ans. — . 



_ _ , n 



-'('+:) 


X 


1 — Bin a? + COS* 


mux + cosa? — 1 


a — X — ala + alx 


a — V2ax — «» 


Of- — a? 



7, . — - — X = a. 



1 — a: + te 
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0? — 2 8in 0? ^ 

9. : « = a 

z 8m;r 



10. = « = 0. 



11. « = 0. 

1 — cosmj; 



66. We sometimes meet \vitli the product of two factors, one 
of which becomes 0, and the other go , for a particular value of 
the variable. Lot rt be such a product, in which r becomes 0, 
and t infinite. It maj be written 

r 
r* = Y. 

i 

which, for the particular ralue, becomes %. Its Talae may thea 
be determined as in the preceding articles. 



EcampU. 

TTX 

Let W = (1 — ip)tan , when « = 1. 
Writing it under the proposed form, we have 



rt 


— 


1 - X 

1 


— 


1 - 

cot 


- X 

nx 




tan — 


2 • 



2 

the tme value of which, when x = 1, is -• 

IT 
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66. The fraction - maj become ^, in which case it may 



be written 



r 1 

- = r X -, 

« 9 



which becomes oo x — = cd x 0, and ma/ then be treated 

00 

aa in the preceding article. 

67. Sometimes, also, we find expressions which become oo — od. 
Let 1-i 

r « 
be such an expression, r and « becoming 0. It maj be written 

1 _ 1 _ s — r 

which will reduce to ^. For an example, take 



cotx 2 cosj;' 



rhich becomes oo — oo, when « = r* Bj reduction we obtain 



X sm a; — - 
cosx ' 



the tme valae of which is ~ 1, when x = -. 

8 
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MAyjMA AND Minima of Funotions of a sinolb Yasiablb. 

68. Let u = /(^), and suppose :r to be increased by insensible 
degrees from its least value, until we obtain a corresponding state 
of the function which is greater than the state which iinmediatelj 
precedes it, and greater also than that which immediately follows 
it ; this state of the function is called a maximum. If we obtain 
a state which is less than both of these consecutive states, it is 
a minimum. Wo say,Hhen, that a function of a single variable is 
at a maximum state, or a maximum^ when it is greater than the 
state which immediately precedes^ and greater also than tlie state 
which imm^did tely follows it; and a minimum^ when it is less than 
both of these states, «t 

69. If u is a function of or, and x supposed to be increasing, 
it is evident that when passing from the preceding states to its 
maximum, u must iucreoise as x increases, that is, be an increasing 
function of x ; and when passing from its maximum to the suc- 
ceeding states, it must decrease as x increases, that is, be a decreas-' 
ing function of x. In the first case. Art. (14), the sign of its first 
differential coefficient must be positive, and in the second, nega- 
tive ; therefore at the maximum state the first differential coefficient 
mast change ita sign from plus to minus, as the variable increases. 
For a similar reason at a minimum state, the first differential 
coefficient must change its sign /rom minus to plus; and these 
changes of sign, in the first differential coeflScient, are respectively 
the avaluiicfil characteristics of the maximum and minimum states 
of a function. But, as a function which is continuous can change 
its sign only by becoming zero or infinity, it follows that no valae 
of the variable will give a maximum or minimum value to the 
function, unless the same value reduces the first differential coefli- 
cient to zero or infinity. 
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The roots of the two equations, 
du du ' dx 

di = 0----0). *»<* ^ = *' **' S;! = o....(2), 

will then give all the values of x which can possibly make u a 
maximum or a minimum. After having obtained these roots, let 
each, first with an infinitely small decrement and then with an 
infinitely small increment, be substituted in Tlie given function; 
the results will be the states which immediately precede and 
follow the one obtained by substituting the root itself; if both 
are less than this, the latter will be a maximum ; if both are 
greater, a minimum. 

Or, as will in general be more convenient^ let each of these 
roots, with an infinitely small decrement and increment, be suc- 
ceasively substituted in the first differential coefficient ; if the first 
result be positive, and the secmid negative, the root will make the 
function a maximum; if the reverse, a minimum. If tlie two 
results have the same sign, the root under consideration will give 
neither a maximum nor a minimum. 

Since equations (1) and (2) may give several roots which will 
fulfil the required conditions, there may be more than one maxi- 
mum or minimum state of the same function ; and, therefore, the 
maximum state is not necessarily the greatest state, nor the mini- 
mum the least 

i 

1. If tt = a + (a? - by (3), 

du dx 1 

— = 2(«-6), and — = 



dx ^ '' du 2(x — b) 

Fbkcing — = 0, we have 

2{x — b) = ; whence x = b. 
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If in equation (3) wc substitute first b — h for x^ and then 
b -\- hy denoting the corresponding states of the function by u" 
and u\ we have 

tt" = a + h% and u' =i a + h\ 

both of which are greater than u == a, the resnlt obtained hj 
substituting 6 for or; hence u = a is a rnimmtun. 

Tlic only value of x which will reduce -7- to 0, is ir = 00 ; 

there is then no finite value of x which will satialj this condition, 
hence x = b gives the only minimum state, and there ia no 
maximum. 



2. K u =z a -- (*-&)' (4), 

du — 2 , <f« — Sf* .- &)» 

— = : , and — = ^ ^^. 

cix » / « \ 4 du 2 
3(ar — 6)' ■ 

Placing y- = 0, we obtain a; = 00 , whioh gives no finite 

solution. 

i 

Placing > - = 0, we have 

S.{x — 6) = 0; whence x = b. 

If, then, in (4), we subfititute first 6 — A, and then b + h^ tor 
Xy wc have 

u" =z a -^ h^^ and u' = a — A', 

both of which are less than u = a, the result of the substitution 
of 6 for jr; n := a is then a maximum and the only one^ and 
there is vo minimum. 
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If, in the fint differential cooflicients in the above examples, we 
■obfttitute 6 — A and b + h for i-, we obtain in the first, for 
6 ~ A a ncgatiye, and for 6 + A a positive result ; and in the 
■econd the reverse, as it should be. 

/.' ' ' 

70. When the states which immediately precede and follow the 
maximum or minimum state of t/, can be deduced from TayIor*8 
formula, a more convenient practical rule may be applied. To 
demonstrate it,^ let 

« = /(*) ; 

then let dr + A be substituted for or, and the difference between 
die two states be developed, as in Art (35), and we shall have 

** - « = 5i^ + 57* 172 + -CSM.2T3 + ^' (^>- 

If, in this, h be infinitely small and negative, u' will be the state 
immediately preceding u ; and if h be positive, u' will be the state 
immediately following u ; and in both cases, the first term of the 
aecond member will be greater numerically than the sum of all 
the others. Art. (13), and the sign of the second member will be 
the same aa that of its first term. Now, if u be a maximum, it 
must be greater than u\ whether A be positive or negative ; that 
ig^ «' — tt must be negative in both cases ; and if u be a mini- 

mnm, u' — « must be positive. But -7- A evidently changes 

its sign as A changes from negative to positive ; u cannot, there- 

da 
fore, be either a maximum or a minimum, unless the term —A 

4kappeaii| which, vince A is not zero, reipiires that 

S-o » 
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Tbe roots of this equation will then, in the case nnder connd- 
eration, give all the values of x which can possibly make u either 
a maxinnini or minimum. 

Let a be one of these roots ; to ascertain whether it will make 
n a maximum or minimum, substitute it in equation (1), and we 

have, since ( ;t- ) =0, 

The sign of the second member will now be the same at 
f-7-j) , since /*• is positive. ^^ \~j f} ^ negative, 

then u will be greater tlian u\ whether h be positive or negative, 
and w,_. will be a maximum. If (■;T-i-) b® positive, 

t/... will be a minimum. If I -r^ J =0, then the sign 

of (3) will depend upon the sign of f --y-7 I , which 

\ dx / a.f 1.2.3 

evidently changes its sign as h changes ; and there can be neither 
a maximum nor minimum for j; = a, unless [ -^-^ j =0. 

(rf*tt\ 
-T-j-J , and 

thore will be a maximum when this is negative, and a minimum 
when it is positive, and so on ; if tlie first differential coefficient 
which docs not reduce to 0, is of an odd order, there will be no 
maximum nor minimum fnr j? = <r ; if of an oven order, there 
will be o!io or the other, ncrording as its sign is negative o? 
positive. If the first differciJiial cocflicient which does not reduce 

t 
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to 0, bcconicft infinity, this is a failing case of Taylor^s formula, 
Art. (34), and the rule thus demonstrated fails tvith it. Whence, 
to determine the maximum or miniuinm states of a given func- 
tion : Find iU firnt differential ct}efficienL and place it equal to ; 
mhstitute each of the real roots of the equation thus formed^ in the 
9tcond differential coefficient. Each one which yives a negative 
remit willj when substituted in the function, make it a maximum; 
and each which girea a pftsitive r-'snlt, ir>ll wakv it a viinimum. 
If either reduce the second diffprentinl cueffident to 0, substitute 
in the third, fourth, dtc, until one be obtained which does not reduce 
to 0. If this be of an odd order, the root will correspond to neither 
a maximum nor minimum; if of an even order and negative, tlitre 
will be a corresponding maximum; if positive, a minimum. Sub- 
stitute the root in the ftnrtion ; the result will be the corres2)onding 
Wutximum or minimum. 

To illustrate, take the example 



tf = — 4- ax* — 3a'ap, 
8 ' 



du d^u 

J- = «» + 2ax — 3a», -j^ = 2« + 2fl (1), 



du 
Placing the expression for -r- = 0, we have 



«* -h 2(MP — 3a* = 0, 

the roots of which are x =. a, and x = — Ser. The first sub- 
stitated in (1) gives 4 a, which being positive, indicates a mini- 
mum. The second snbstitulcd in (1) gives — 4c7, which iruli- 
cates a maximum. Substituting the roots in the given function, 

5 a* 
we have for tlie minimum a = — — , and for the maximum 

3 ' 

« = 9a». 
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Abb&eviationb ni thb Application of thx Bules fob 

M,AymA AND MiNDIA. 

71. Let v = Ati, 

u being .any function of x, and A a positive constant Bj differ- 
entiation, &c., we have 

from whicli it appears that those values of x^ which raalce 

-- = 0, will also make -j- = 0, and the reverse. Also, that 
ax ax 

d*u 
any of these values which will make -^-^ negative, will make 

-T-j- negative; and any which will make -r-j- positive, will 

make y-^ positive. Hence every value of x which will make 

H a nuixiinura or minimum, will make v or Au a maximum or 
minimum. Therefore a constant positive factor may be omitted 
durinrj the search for those values of the variable corresponding 
to a maximum or minimum. 
To illustrate, take the example 

26jr* + a^bx &,« . , , x 

V = = --(2it* + a»«), 

% 
Omitting the constant factor, we may write 

n = 2a?* + a^Xy 
g = 8.. + a. £?=24** (1). 
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du 
Placing the expression for — = 0, we have 



Bx* + «• = 0; whence « = — -. 

This valae in (1) gives 6a\ and indicates a minimam, which is 

11 = — —r-; whence v = — —— — , 

8 8 



72. Let w = u% 

u and V being functions of x, and n entire. Then 



dv .da 



d*9 rf'tt du* 

S? = ««"'^ + «(» - i)«*"'5?- 

Now every valae of x which will make — = 0, will also 
make — = 0; and if the same value makes nu*"^ positive^ 

It will give to -T-y the same sign as -j-^ (since -7-j = 0) ; 

that is, if it makes u a maximum or minimum, it will make v 

a maximum or minimum. If it makes nzt*"* negative ^ it will 

cf*« d^u 

give to -7-7 a sign contrary to that of -7-5- ; that is, if it 

makes u a maximum, it will make v a minimum, and the re- 
verse. 

All valnes of x^ however, which will make v = n* a maximum 
or minimum, will not necessarily make u a maximum or mini- 
mom, for the equation 

7 
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■ 

dv du 

— = Hit — • rs Ou 

dx dx ^ 

may be satisfied by makiag either 

, du 

ntf*~' = 0, or -- = 0, 

dx 

Those values of x which satisfy the first, and Dot the second of 
these equations, will make « neither a maximum nor minimom, 
but may make v = u* a maximum or minimum. As in the 
example 

dv Ai 

dv = 2udu^ J- = ^^'j'* 

d» 

We may make -r- = 0, by placing either 

2tt = 2(a' — X*) = 0, whence « = a; 

du 
^ _« = — 3x' = 0, whence m = 0. 

ax 

The value x = a evidently makes v a minimum^ but as it 

does not rcduco -r- = — d;c* to 0, it will make u neither m 

dx 

maximum nor minimum. 

Tlie value x = answers to neither a maximum nor a mini- 
mum. As the corresponding power of a radical expression is 
formed by ovnitiing the radical sign, we may, in accordance with 
the above principles, omit it, and seek those values of the variabk 
which will make the power a maximum or minimum. We are 
sure thus to get all the values which will make the root a maxi- 
mum or minimum. Care should be taken, however, not to 
any of those which belong only to the power. 
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To inutnte, take the example 

Omhtiiig the radical sign, we have 

V = cur' — 3x'. 

TikiDg the first differential coefficient of v and placing it equal to 

2 
0, we find the two roots, x = and x = -. The first gives a 

maximum valae, 0, for both v and u. The second gives a mini- 
mmn value for both v and ti, viz. : 



• = - 7" 






It would not be proper to extract the root of a fanctioa before 
applying the mlc, as those values which make the power, and not 
the rooty a maximum or minimum, would thus be excluded* 



73. In a manner similar to the above, it may be shown that 
any value of the variable which will render u a maximum or 
miiiimuiii, will also render log a and a* a maximum or minimum ; 

and also any value which will make u a maximum, will make - 

a minimum, and the converse. 



74. It often happens that the first differential coefficient ik 

composed of two or more variable factors, each of which, whi^n 

du 
placed equal to 0, will give real roots of the equation -7- = 0. 

In this case we may easily ascertain what the second differential 
coefficient reduces to, by the substitution of any one of these roc**^ 



^W^VV 
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without deduciog the cxpression for the second differential coeffi- 
cient itselfl Thus, let 

du 
dx 

be such a coefficient, X being when a; = a. Then 

— = X— + X' — • 
dx* dx dx * 

or, since X = when a* = a, 

d*u\ f„,dX 



ArfxV... ~ \^' dx).^, 



That is, to obtain the corresponding value of. the second dif- 
ferential coefficient: Multiply the differential coeffieitM of thai 
/actor which is 0, 6y the other factors, and then sidtsUtute tk$ 
particular value of the variable. To illustrate, let 

u = a:' (a: — a)\ 
£ = 2a:(x-a)(2«-a), 

which is equal to 0, when 

2« = 0; whence x = 0....(1). 

(«-^a) = 0; •* a? = a.... (2). 

(2ar -^a) = 0; " ■ x = ^....(3). 

Taking the first factor, 2a*, and multiplying its. differential 
efficlentby the other factors, we obtain the expression 

2 (a? — a) (2ar — a); 
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ttom wluch, by making a; = 0, we obtain 



m... = -• 



which indicates a minimum. 

Multiplying the differential coefficient of the second factor by 
the other factors, and making 2; = a, we obtain 2a\ which 
indicates a minimum. 

'Proceeding in the same way with the third factor, we obtain 
— a\ which indicates a maximunu 



75. As the principles and rules for maxima and minima, in the 
preceding articles, are demonstrated independently of the nature 
or kind of the function, they are equally applicable to all kinds of 
fiinctions of a single variable. To apply them to an implicit func- 
tion^ we have then only to find its first and successive diffckrential 
coefficients, by the rules previously given, Arts. (19) and (56), and 
then proceed precisely as in the foregoing examples. 

To illustrate, take the example 

y* — 2mxtj + X* ^ a^ = (1), 

And let it be required to find the value of x which will make y a 
mazimmn or minimum. By differentiating as in article (56), we 
obtain 

2ydy — 2mxdy — 2mydx + 2xdx = 0; 

whence 

dy my — x 



dx "^ y — mx ^ 

Placing this equal to 0, we have 

my -# « = 0; whence x = my^ 
, wbich, in eqoation (1), gives 



(2). 



103 DIFFERENTIAL CALCULUEU 



y = - ; whence s = — - 

Vl — w* Vl — in* 

Differentiating the factor my — x, equation (2), dividing by 

dxy and molUplying by , Art (74), we obtein the 

expression 



which, by the substitution of the values of y and « (since then 

dy 

J- = 0), becomes 

- 1 



aVl — m^ 
and indicates a maximanu 



Solution of Pbactioal Problems in Maxima and Mindca 

OF Functions of one Variable. 

76. The only difficulty in the application of the preceding 
principles to the solution of problems, consists in obtaining a con- 
venient algebraic expression for the function whose maximum or 
minimum state is required. No general rule can well be given by 
>^hich this expression can be found. In order to indicate as clearly 
as possible the methods to be pursued, we will give, in detail, the 

solution of several cases differing from each other. 

» 

1 . Required the dimensions of the maximum cylinder which 
can be inscribed in a given right cone. 

Suppose a cylinder inscribed, as represented in the figure. Let 
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108 



VA = o, BA = 6, VC = ar, CO = y; 



AC = a — «| and the volume of the 
ofFfinder, whiA we denote by v, is equal to 



»y"(« - «) 



(1). 



From the similar triangles VCO and VAB, 
we have the {noportion 



X : y :: a : b\ 



whence 



bx 




Substituting this value in (1), we have 



V = —x'{a^x) 



(2). 



itlmg the constant iactor. Art (71), we may write 



whence 



1 


U = OJP* 


- «• 


du 

-— = 2ax 
dx 


- Sx\ 


dx* 



= 2a — 6ar, 



(3). 



The second value of x in (3) gives — 2a, and therefore will make 

47ra6* 
9 a maximum, which is ^ . 

For the altitude of the maximum cylinder, wc have a — x == ^a^ 
and for the radius of the base, y = |6. 

The first value of a; in (3) gives 2 a, which indicates a minimum, 
which is evidently v = 0. 

2. Required to draw a tangent to the given quadrant ABD, so 
that the triangfe CFQ shall be a minimum. 




And 
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Let CB = R, FB = T, BG = y; 
then FG = a? + y. The area of the 
triangle is equal to (CB x FG, which,. 
since (CB is constant, will be A minimum 
Vihcn FG is a uiinimura, Art (71). In the 
A V right-angled triangle CFG, since CB is per- 
pendicular to FG, we have 

R' = xy\ whence y = — , 

X 

FG = tt = ar + — , 

X 



^ - 1 - L' - ^' - R* 

dx " a:* "" «* • 



which, being placed equal to 0, gives x = R, and y = R. 

Hence the angle BCF = 45°. Obtaining the corresponding 

d^u , 2 

value of -J—-, as in Art. (74), we find for a result •^. 
dx K 

3. The whole surface of a right cylinder being given, it is 
required to find the radius of the base and the altitude, when the 
volume is a maximum. 

Let m* •= the surface, x = the radius of the basc^ and z = the 
altitude; then 



V = 7r«"«. 



But 



• « . « t 1 m* — 27rx* 
m* = 2'rTxz + 27rjr'; whence z = i 

27TX • 



therefore 



m^x 
» = — nx\ 
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And 



- ^ 6jr' 



and 



e 






mazmium. 



when V it ft 



4. Required the miniinum distance from a point without a 
given circle to the circumference. 

Let O be the centre of the given 
circle, OM its radius = R, C the 
given point, CO = a. Join C and 
O, and take OC as tlie axis of X, A^ 
the origin being at O. Denote tlie 
co-ordinates of M by ^ and y, and 
the distance CM by u ; then 




u = VR* 4- a* — 2aar. 



Omitting the radical sign, we have 



tt« = V = R* + a« — 2aar. 



(1). 



dx 



-r = - 2a, 



which cannot be or ao. We should not, therefore, conclude 
that CM admits of no minimum value ; for it is evident, from 
the inspection of the figure, that CA, corresponding to the value 
:r = R, is a minimum. Cases of this kind are remarkable, but 
readily explained by a reference to either demonstration of the 
rale ; for it depends entirely upon the principle, that the function 
ia expressed in terms of a variable which admits of a value both 
ItMM and greater than the one which corresponds to a maximum or 
minimum. Now, in the. case under consideration, there is no 
value of a? greater than R, which eorresponds to a real state of the 
function. Both rules must therefore fail in cases of this kind. 
The remedy is, to deduce an expression for the function, in terms 
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of some other variable which will admit of proper values. Thna 

if the value of « = Vli* ~ y* be substituted in equation (1) 
we have 



» = R» + a« - 2a VR* - y\ 



dv 
dy 



2 ay 



VTl^- y"' 



2ay = 0, y = 0; 



which gives a; = li, and :r = — R. The first value corresponda 
to a minimum, and the second to a maximum value of CM. 

The same result might have been obtained directly, bj takii^ 
any other line than CO as the axis of X, in which case x would 
have admitted of proper values. 

5. Required the minimum isosceles triangle circumscribing a 
given circle. 

^ Let be the centre of the circle, ABC 

the circumscribing triangle, AC and BC 
being the equal sides, OM = R, PC = x, 
AB = 2y, and denote the area by u; then 




tt = ary 



(1). 



From the similar triangles COM and CPB, 
S we have 



or 



whence 



PB : OM :: CB : CO, 



: R :: Vx^ + y« : « - R; 



(«-R)y = R\/a;* + y\ 



and 



= Rf/ 



X - '!&' 
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SobsdtatiBg diift in (1), we hw 



' ar — 2R « — 2R 

Omittiiig the constant factor R, and the radical sign, Arts. (Yl) 
td (72), ve have 



V = 



*• 



rfw _ {x ~ 2R)3 j;« — ar' 



« - 2R' rfa: (« ~ 2R)' 



Placing ^ = 0, 



(ar— 2R)aap* - x« = 0, 2x* — 6Rar* = 0; 

whence 

« = 0, « = 8R. 

The yalne a; = 3R gives a minimum, which is the circnm- 
■eribed equilateral triangle. The value a; = corresponds to no 
inaximum nor minimum, as there is no real state of the funqtion 
immediately following the state corresponding to a; = 0; all 
states, from x = to x = 2R, being imaginary. 

6. Required to divide a given quantity; a, into two parts, such 
that the mth power of one, multiplied by the nth power of the 
other, shall be a maximum. 

■mm i» 1 1 ^^ 

If « = one of the parts, then x = 



m + n 



7. In a given triangle, it is required to inscribe a maximum 
rectangle. 

The altitude of the rectaligle = ^ altitude of triangle. 






■ V*- 
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8. A certain quantity of water being given, it is required to 
find the relation between the radius of the base and the altitude 
of a cylindrical vessel, o(>en at the top, which shall just hold the 
water and have its interior surface a minimum. 

Tlio radius = tlie altitude. 

9. Required the maximum rectangle which can be inscribed 
in a circle. 

Lach Bide = R \/2. 

10. Required the maximum cone which can be inscribed in % 
given sphere. 

11. Required the minimum cone circumscribing a given sphere. 

12. Required the minimum triangle formed by the axis, the 
produced ordiuate of the extreme point, and a tangent to the are 
of a parabola. 

13. Required the maximum cylinder that can bo inscribed^ln a 
given ellipsoid of revolution. 

14. Required the axis of the maximum parabola that con be 
cut from a given right cone. 

m 

15. Required the minimum value of y in the equation y = «*. 

^ - u )■'' 

J- 

MAXI^^A AND Minima of Functions of two or mobb 

Variables. 

77. A function of two or more variables is a maximum when it 
is greater, and a minimum when it is less, than all of its couseco- 
tive states. Let 

w - /(-^i y\ then u' = /(a: + A, y + k\ 



\ 
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«'- tt = h{p+p't) ^-L..(q + 2g't-\-q''t*) + &c....(l); 

after placing in the development of article (48), 

du du , 

d*u d'u , d'u „ . 

The sign of this scries, T^'hen k is infinitely small, will depend 
apon the sign of its first term. We shall obtain all of the con- 
•ecntive states of u by giving to h and k proper infinitely small 
▼ftlaes, both positive and negative ; and therefore, when u is either 
a maximum or a minimum, the sign of ti' — u for all these 
▼alues of h and k must be the same. But the first term of the 
aeries ( I ) evidently changes its sign when the sign of h changes ; 
theta can, then, be neither a maximum nor a minimum, unless 

h{p + p't) = 0, or p + p't = 0; 

k 
and since this ronst be for all values of < = ti ^o must have 

h 

■eparately 

p = 0, and p' = 0, 

du du 

« S = 0....(2), — = 0....(3). 

The values of x and y, deduced from these equations and sub- 
atitated in the second term of scries (I), (A and k being infinitely 
amall), should make it negative for a maximum, and positive for 
a minimum. This term may be put under the form 



'^(^ - ¥■ - '•)• 
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which, if there be a maximam or minimum, most not change its 
sigrn for any value of t ; that is, the quantity within the paren- 
thesis must be positive for all values of t. By adding and sub- 

2, + i^, + ,.= (, + £)•+ |, - ^....(4) 

q o'* 

If ~7 — Vt» which is entirely independent of ^ be n^ative, 

such values may be assigned to < as to make expression (4) either 
positive or negative. To render the entire expression positive, 
g and q" must then have tlie same sign, and 

g g 

that is, we must have ^ 

99" - ^" > 0, or gg" - g'* = 0. 

The conditions then are 

\I^) "^ d^ ^ d^ ^' " dx' ^ dy*' 

and also that -j-^ and -j-^ have the same sign, after the 

du 

t^hies of X and y deduced from the equations — = and 

d^u 
second term will then depend npon q'\ the sign of -z-j mup| 

be negative for a maximum, and positive for a minimum. 
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If the second term becomes 0, we must substitute the values of 
X and y in the third, which must also be 0, and the sign of the 
fourth negative for a maximum, and positive for a minimum ; the 
discussion of the several conditions of which, although compli- 
cated, may be made in a manner similar to the above. 



Examples, 

f 1. Required to divide a number a into three parts, such that 
the cube of the first, into the square of the second, into the first 
power of the third, shall be a maximum. 

Let X = the first part, and y = the second ; then a -^ x ^ y 
= the third, and 

tt = af*y*(a — « — y), 

^ = «V(3« - 3y - 4«), ^ = ar»y(2a - 3y - 2x). 

Placing these equal to 0, we have 

3o — 3y — 4ar = 0, 2a — 3y — 2x = 0; 

whence * = i» ^ ~ 3' 

We hare abo 
^ ^ =: ^ = 2V(8a - 3y - 6«), 

^"= ^ = x«(2«-6y-2x); 
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which, for the particblar values of x and y, become 



9* 12" 8* 

Hence 

a* „ a* , d*H a* 

?" = nj < W = ^. »d ^ = - -; 



tt IB therefore a maximum when its value is ----r 

432 



2. Make the preceding proposition general, by putdng for the 
cube, s^juare, and first power, the mth, Nth, and rth powers. 
Then 



ma na 



3. Required the shortest distance from a given point to m given 
plane. 

Let the equation of the plane be placed under the form 

« = ex -f rfy + ^, 

and the co-ordinates of the given point be x\ y\ and «'; then 



n = V(x - x'Y + (y - yT + (« - «T, 

or putting for z its value, 

u = y/(x"~x'Y + (y - Jp)' + (« + rfy + ^ - «7. 

Calling the radical, 11, we shall have 



J 
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■ 

du _ y — y' + (far + <fy + ^ — z')d 
rfy " R" 

tf !•'__« — j:* + (car + rfy + ^ — ip') c 
£ "" R "' 

Placing DiOM equal to 0, and solving the resulting equations^ 
we may obtain the valacs of x and y, and thence of z. Or other 
putting for ex + <fy + ^ iut value ;:, we have 



jr — y* + J(« — «') = 0, and x -- x' + c{z - /) = 0, 

which are efidently the equations of a perpendicular to the plaike, 
mmd if comhiBed with the equation of the plane wiU give the 
^aes of jEL V, and e. 

4. The voliime of a rectangular paralielopipedon being given^ 
Inquired ila three edges when its surface is a minimuni. 

5. Required the maximum rectangular paralielopipedon which 
be inscribed in a sphere. 



78. In ofder that a function of three or more variables be a 
suudmum or s minimum^ we must have 

dm ^ du ^ du 

S = °' 5^ = °' ^ = *«•' 

and the relation between the partial differential coefficients of the 
eaoond order must be such,- that the second term, in the develop- 
ment of the difference u' — u shall remain of the same sign, 
§otr all the conaecutive values of the function. 

8 
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Geometrical Signification of a Function of a sihoui 
Variable, and of its Differential Cokbtioient. 

70. Let y be any fanction of x expressed by the symbol 

y = /(*). 

and let any value be assigned to rr, and the corresponding valae of 
y be deduced ; these two values may be regarded, the first as the 
abscissa and the second as the ordinate of a point which may be 
constructed. Any number of values may thus be assigned to .as, 
the corresponding values of y deduced, and a series of points thua 
constructed, through which, if a line be traced, y will be its vari- 
able ordinate and x the abscissa. Hence, we conclude that every 
function of a single variable may be regarded as the ordinate of a 
Une^ of which the variable is the abscissa. 



80. Let BMM' be a curve, the equation of which is y = /(«)« 
and M any point of this curve, the co-ordinates being x and y. 

Increase the abscissa AP or «, by 
the variable increment PP' = h; 
denote the corresponding ordinate 
P'M' by y'; draw the secant M'MT, 
the tangent MT, and MQ paralld 
■* to AX. Then 




M'Q = P'M' - PM = y' - y = PA + T'h\ . . .Art (12). 
Fh)m the triangle M'MQ, we have 

tan M'MQ = ^-^ = tan MTX, 
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and placing for M'Q and MQ = PP', their values, this becomes 

tttiMTX = ^^ "*: ^'^' = P + FA (1). 

n 

Now, if A be diminished, the point M' approaches M, and the 
secant M'T' approaches the tangent MT, and finally, when A = 0, 
the point M' coincides with M, and the secant with the tangent 
If then, in (1), we make A = 0, we have 

tanMTX = P = ^; 

ax 

thai is, thi tangent of the angle which a tangent at any point of a 
Une makes with the axis of X^ is equal to the first differential coeffi- 
cient of the ordinate of the line. 

To efaow the application of this principle, let as take the equa- 
tkyo of a circle, 

«• + y« = R«; 
whence 

for the general value of the tangent of the angle, made by s 
tangent at any point of the circumference, with the axis of X« 

If the particular value at a point whose co-ordinates are x" and 
ff" be required, for x and y let x" and y" be substituted ; then 

*^' - _ f!! • 

dx" " y"' 



* The lymbola -^ , ^-77^ , Ao^ are nevd to indicate what the first, 

ox dx 

■e e onJ, Ac, differential coefficients become, when for the general vaHablee 

% and y the partieular valuea x" and y" are eubetituted; and are callt-d 

tli« firat, second, ^, differential co<'ffit.'ients of the ordinate of the curv« 

takrn at the point z", y". 
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Take also the equation of the conic aectionsi 

y' = 2px + r'«'; 
whence 

<<* "" y "" ')/2px + r^x^* 

For the particalar point y" and x'\ this expression 

dy" p + r'ar" 



c/j; 



H 



\/2y«""+ r«x"« 



81 . If it be required to find the point of a given curve, at which 
the tangent line makes a given angle with the axis of X, we know 
that at this point the first differential coefficient must be equal to 
the tangent of the given angle. Calling this tangent a, we must 
then have 

— - = a; 

dx ' 

and this, combined with the equation of the curve, will give the 
particular values of x and y, for the required point 

If the tangent line is to bo parallel to the axis of X^ then for 

We will illustrate each of these cases by an example. 

1. Let it be required to find the point on a given parabola, mt 
which the tangent line makes an angle of 45° with the axis. The 
equation of the parabola is. y* = 2/ix, by the differentiation of 
which, &C., we have 

dy ^ p 
dx y' 

But as tan 45° = 1, we have, for the required pointy ' 



mnrEBEMTiAi. aALCoi.im. 117 

^y - P - 1. 

^ - y - *' 
aa^ oombining this with the equation y' = 2j>», we fiad 

p 

* = -2. y = P' 

Tlie tangent at the extremity of the ordinate passing through 
the focus, will then fulfil the required condition. 

2. Let 

y = a + (c-«)« (1) 

lepresent a curve ; then 

g = -2(c-.), 

which is equal to 0, when z = c; and this value of a; in (1) gives 
y = a. These are then the coordinates of the point at which the 
tangent is parallel to the axis of X. 

8. Let 

y = a + (<J — «)* 

represent a curve ; then 

dy 1 



which is equal to infinity, when a; = c. x = e and y = a are 
then the co-ordinates of the point at whi^h the tangent is perpen- 
dicular to the axis of X. 
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Equations of Tangent, and Nobmal. Ezpsessiohb fob 

Sub-Tanoent, Sub-Kosmal, &o. 

82. If ^" and y" represent the co-ordinates of m giren point 
on a given carve, whose equation is y = /(a;), the equation of s 
straight line passing through this point will be 

y - y"=a(*-,") (1), 

a being indeterminate. In order that this line be a tangent at 
the given point, a must be the first differential coefficient of the 
ordinate of the curve taken at this point, Note, Art (80) ; that is, 

for a we must substitute -^. We thus obtain 

ax 

y -y" = %r{x-n (2). 

By differentiating the equation of an ellipse, 

we deduce 

dy h*x ^ dy" bW 

J- = T"? whence -7-77 = j-77; 

dx a^y dx' a*y' 

and this value in (2) gives, for the equation of a tangent to an 
ellipse at the point y", x'\ 

which, by reduction, becomes a^yy** 4- h^xx*' = a*h\ 
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83. If the equation of a tangent be required, which shall be 
parallel to a given line, or make a given angle with the axis of X, 
we may determine the co-ordinates of the point of contact as in 
article (81) ; and knowing these, the equation may be deduced as 
above. 

Thus, if a tangent to a circle be required to make with the axis 
of X an angle whose tangent is 2, we must have for the required 
point, equation (2), Art (80), 

• 
^ - _ i _ 2 

-r- — — — — ^. 

ax y 



Fh)m thifl^ we find y = — -, which, combined with the 
aquation of the circle, gives 

' = *.7i = '^' ^ = =^=71 = "' 

and equation (2), Art (82), becomes, when we use the upper signs^ 
y '\' — =z 2(x — V or y = 2* — R VI. 



84. Equation (1), Art. (82), will become the equation of a nor- 
mal at the point x!\ y", if for a, we substitute 

1 dx" 

- 5-77 = - ^....(AnalytOeo.); 

^^ 

and we thus obtain for the general equation of a normal, 

dx" 
y-y"= -^,(x-0. 
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85. The right-angled trianglo MTP (Figare cf Art SO) ffw^ 

PM 

PM = FT tan MTP; hence PT = , ^T^„ ; 

ton MTP 



dx 



..^ = f, =..5. 



c^a; 



Alfio, 



MT = Vmp" + PTN 



or 



The right-angled triangle PMR gives 

PR = MP tan PMR ; hnt PMR == MTP ; 

hence, 

PR = MP tan MTP, or Subnormal = y^. 

ax 

Also, 

MR = Vmp" + PR«; 
hence. 



Normal = fVTTg = y/l + g. 



To apply these formulas to a particular cunrOi it is only neceie 
sary to substitute in each the expression for — , or -j-, d&- 
duoed from the difTeroutial equation of the curve. The resolti 
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^tM be general for all points of the curve. If the ralucs for a 
given point be required, in these results let the eo-ordinates of the 
point be substituted for x and y, . 

For example, take the general equation of Conic Sections, 

y* = 2px + r^x* ; 
whence 

<^y P + r*x dx V^px + rV 

dx ^2px 4- r*aj*' dt/'" p + r*x 

These expressions substituted in the formulas, give 
FT = ^^ + r'.' pR=^ + ,.,, 



MT = /.;. + ,.;. ^ (f3^. 



MR = V2px + r*«« + (p + r*«)». 
For the parabola r' = 0, and these expressions become, 
PT = 2ar, PR = p, 

MT = V^px + 4x\ MR = V2px + p*. 



Convexity and Conoavitt of Cubves. 

86. A curve, at a point, is convex towards another line, when, 
in the immediate vicinity of the point, its tangent lies between it 
and the line. It is concave when it lies between its tangent and 
die line. • 
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If a cnrve be convex towards the axis of X, and the ordinats 
positive, as in the annexed figure, it is plain, that as the abeciflsaa 

AP, AP\ &c^ increase, the angles 
MTX, MT'X, &c^ will increase, and 
the reverse ; consequently their tan- 
gents will also increase as x increases, 
or decrease as x decreases. Since 

• 

these tangents are represented bj 
the corresponding values of the first differential coefficient of the 

ordinate {-f-)j *< must be an increasing /unction of ar, and its 




differential coefiicient, i. e. 



dx 



f » 



must be positive, Art (14). 




If the curve be still convex, and 
the ordinate negative, the angles 
STX, ST'X, &C., and their tengents 

plainly decrease as x increases ; -p 

is a decreasing function of x, and 

d^y 

-~ must be negative. 



1(, then, a curve be convex towards tiie axis of abscissas, ths 
ordinate and its second differential coefficient, taken at the different 
points, mil have the same sign. 



If the curve be concave, and 
the ordinate positive, as in the 
figure, tiie angles MTX, M'TX, 
&C., and their tangents will de- 

dy .„ 
crease as x mcreases; -7- will 

dx 




1*' A T 



be a decreasing function, and 



d^y 

-— negative. 
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If the eonre be concare, mnd the ordiDate negative, the revene 
will evidently be the case, and ^ will be paiiiive. 



Hence, if a carve be concave 

towarda the azia of abeciasas, 

k$ ordmaie and its second dif- 

ferenHal coefficient will have 

mmirary tigm. 




AaTMFTOTKS. 

87. An asymptote is a line which, continually approaching a 
corve, becomes tangent to it at an infinite distance. Asymptotes 
may be curvilinear or rectilinear. The latter only will be consid- 
ered here. 

Let MV be any cnrve, and BC a 
rectilinear asymptote. Also, let MT 
be a tangent, the equation of which, 
article (82), is 

y - y" = ^(* - ^')- 

If we make y = in this eqnation, we obtain 



J 




x = x"- y"^ = AT. 



(1). 



If we make « = 0, we obtain 



y = y"- «"^ = AS (2). 



Now, as the point of contact, M, the co-ordinates of which are 
jr^' and y", is removed farther from the origin, the tangent MT 
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vill approach nearer to tlie asymptote BC ; and fiaally, when M 
is at an infinite di:^tance, the two will coincide, and the distances 
AT and AS become respectively equal to the distances AB onS 
AC. 

If, then, the expressions for AT and AS, when Mieft valves art 
g^bittitufei P'f x" ami y" *f* to re more the point M to an infiniU 
digfati'X^ are both finite, there avUI be an asymptote^ which may 'be 
drawn through the points B and 0. 

If one of these expressions becomes infinite, and the other finits; 
there will be an asymptote parallel to the axis, on which the dis- 
tance is infinite. 

If both expressions become infinite, there will be no asymptote. 

If both become 0, the asymptote will pass through the origin of 

co-ordinates, and the timgcnt of tlie angle which it makes with the 

dy" 
axis of X may be obtamed from the expression lor -^j^^ when 

dx 

for jr" and y'' the proper values arc substituted. 

Hence, to construct the asymptote of a given cnrve : Find, by 

differentiating the equation of the curve, the expressions for 

~—TT and -— .-, which substitute in formulas (1) and (S) ; the 
dx dif \ / \ / » 

results thence obtained by substituting for x*' and y" their values 
for that point of the curve which is at an infinite distance, will be 
the distances cut off from the co-ordinate axes by the asymptotu, 
if there is one. 



ExampU*. 
1. Take the equation of lines of the second order, 

Bv differentiation, J^c, we obtain 
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whence 

dy" p + r«x" 



dx" ± y/2px" -{- r*x"* 

Substituting this and the value of y" = ± 'v/2px^^'+TV^ 
in (1) and (2), we have 



AT 



• 

_ 2px" + r'ar"' _ - j>^ _ -p 



AS=d=V2i,*"+r*x"' ^-^^^-^^ = - ^ --(4). 

In this case, the co-ordinates of that point of the curve which 
is at an infinite distance are x** = oo and y" = oo. Making 
jr'' = OD in (3) and (4), we have 

AB = - — i*— = - £. 

OB 



AC = 



00 



-/r* 



For the hyperbola r* is positive, these expressions arc both 
finite, and, as there are two different values of AC, there are two 

flsyniptotes; and since p = — and r' = -j, we have 



o. 



AB = - a, AC = db 6. 
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For the parabola r* = 0, the expressions are both infinite, and 
thera is no asymptote. 

For the ellipse r* is negative, and AC imaginary, as it should 
be, since there is no point of the curve si so infinite distance, and 
of coarse no asymptote. 



2. Take the equation 

«• — Saxy + y* = 0. 
From formulas (1) and (2), we obtain in this case 



AT = 



ax'y 



x"* - ay" 



(6), 



AS = 



ax'Y' 



y"« - ax" 



(«). 



As it is difOcuIt to obtain the valae of y in terms of x from the 
given equation, we cannot at once eliminate y" from (5) and (6) ; 
but if wo make x ^ ty and substitute in the given equation, it 
will be divisible by y\ and we then find 



y = 



Zat 



1 + i 



•• 




If in this we make < = — 1, we have 
y = GO ; hence, when y is infinite it is 
equal to — 2*, and for that point of the 
curve which is at an infinite distance we 
have y" = — x" = oo , 

Changing y" into — x" in (5) and 
(G), they become 



AT = 



— a 



AS = 



— a 



1 + 



.It 



1-^ 



and making x'' = oo , we find 
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AB = — a, and AC = — a; 

hence, BC is the asymptote. 



3. Take the equation 



*'y» = p. 



ID the carve represenied by which, the points at an infinite dis- 
tance have for their co-ordinatef^ 

jp" = 0, y" = 00 ,' and y" =0, «"=«>. 



Adtantaoes of beoabdiko the Differential of the 
Independent Variable as infinitely small. 

88. Heretofore, in our treatment of the subject, we have re- 
garded the differential of the independent variable merely as a 
eonitant, Art (9), without having fixed upon the particular value 
for it. All the demonstrations are then as true for one value as 
for another. 

It is, however, of the greatest convenience, in the application of 
the Calculus to the higher branches of Mathematics and Physical 
Science, to r^ard this differential as infinitely tmall, that is, so 
tmall OM to he contained in unity an infinite number of times ; and 
hereafter it will be so regarded. 

The advantages of so r^arding it will appear evident after a few 
illustrations. Let us take first the simple function discussed in 
Article (9), 

tt = ox*. 

After X has been increased by dx^ we have there found 

tt' — tt = 2axdx -h adx*. 
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Now, if the increment {dx) of the variable be infinitely snuJI, 
the two states u and u' will plainly be consecutive^ the ezpressioD 
for their difference being 

2axdz + adx* (!)• 

But since dx is infinitely small, its sqnare will be infinitely small 
when compared with it; as may be shown by taking the identical 
equation 

• I _^ dx dx* __ 

from which, since dx is contained an infinite number of times in 
unity, it appears that dx* will be contained an infinite number of 
times in dx\ dx^ in dx*^ t&c. : adx* will then be infinitely small 
with reference to 2axdxy and its addition will give no sensible in- 
crease; hence, adx* may be omitted from expression (1) without 
materially affecting its value, and in this case 2 axdx may be taken 
for^ or is the measure of, the difference u' — «. 

This is true also in the general case; for if we take equation (3), 
Art. (9), aftec substitutfng dx for A, we have • 

tt' — ti = Pc?J? + Q^a:* + Vidx* + Ac; 

in which all the terms except Vdx^ which is the differential of the 
function, contain the second or a higher power of rfar, and are 
therefore infinitely small with reference to this first term; and 
may be rejected, and the differential T)f the function taken, as thB 
meaanre of tlte difference between two consecutive states of the fuiictiim. 
It is plain, also, since 

da = pdx, d*u = gdx*, d^u = rdx\ <kc Art (28), 

that the second differential of a function is infinitely small when 
compared with the first, and the third when compared with the 
second, and so on. It is usual to call these, infinitely small quan- 
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litics of the first, second, and third orders ; and we see, from what 
precedes, that every infinitely email qnautity may be omitted wttk- 
out error^ tpfi£n connected by the sign ± toith a finite quantity ^ or 
with an ivfihitely small quantity of a lower order. 

In the application of the Calculus to curves, these principles an 
of great use. Let BMM' be a curve; MP, 
M'P', any two consecutive ordinatcs; PP' 
= PT" = FT'", &c^ being each equal to 
dx ; tlien tho difference between y and y\ or 
y' — y = M'Q, is equal to dy ; and z' ^ z 
= MM' = <£?. Or, since z* — z may repre- 
sent the difference MM', M'M", M"M'", between any two con- 
secutive states of the arc, the different values of dz may, in suc- 
cession, represent the infinitely small elementary arcs MM', M'M'', 
hc^ the sum of all of which will be equal to the entire arc z. 

80 the difference between the two areas BM'P' and BMP is 
equal to PMM'P' = de\ and the different values of de may, in 
succession, represent the infinitely small elementary areas PMM'P', 
P'M'M'T", Ac, the sum of all of which will equal ^he entire area 
#. And in general, iCthe variable bo increased by its differential, 
lAe corresponding increment of the function may be represented by 
the differential of the function ; and the sum of all the different 
milues of this differential will equal the function itself The differ- 
eaUial coefficient will, in this case, express the rate of increase or 
change of the function^ in passing from state to state. 



Differentials of an Abc, Plane Area, Surface and 

Volume of Hevolution. 

89. The differentials of an arc, plane area, <S:c., which, as will be 
■een, are functions of a single variable, may be obtained by the ap- 
plication of the general rule in Art. (0) ; but as the process in these 
eases is long and complicated, it will be found much more simple 

to make use of the principles developed in tlie preceding article. 

9 



# 
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90t Let BM = z be any arc of a curve, the equation of which 
is y =1/(2). Although z changes whenever '2 or y is changed, 

yet the equation y = /{x) establishes 
such a relation between x and y that one 
is necessarily a function of the other, i 
may, therefore, be regarded as a function 
of either. Let us regard it as a function 
of ar, and let AP = ar, PM = y, and 
increase x by PP' = dx ; then, Art (88), 

BM' = 'z\ MM' = «' - 2 = dz, M'Q = y' -• y = dy. 

Since the arc MM' is infinitely small, it will not differ from its 
chord MM', which is therefore equal to dz. From the right- 
angled triangle MQM', we have 

mm' = VmQ* + M^', or dz = Vdx* + dy*; 

that is, the differential of an arc is equal to the square root of the 
sum of the squares of the differentials of the co-ordinates of its points. 

Since we regard z as a function of 2, we should express its dif* 
ferential in terms of x alone. To do this, we differentiate the 
given equation of the curve, combine the differential equation thus 
deduced with the given equation, and obtain an expression for dy 
in terms of x and dx^ and substitute in the above formula. If z 
should be regarded as a function of y, we should, by the same 
process, obtain an expression for dx in terms of y and e/y, and 
substitute in the formula. 

To illustrate, take the equation of a circle, 



whem^e 



x« + y« = R»; 



rfy = - 



xix 
y 



xdx 



and 



dz 



= / 



f^«i 



dx* 4- 



x'dx 



Rdx 



R* - X* ViiT^x* 
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91. U Xj y^ and z denote the co-ordinates of the points of a 
curve 8 ii\ space, ds will be the diagonal of a rectangular parallelo- 
pipedon, and we deduce 

ds = Vdx* + dy^ + dz\ 



92. Let BMP = « be any plane area, limited by a curve and 
the axis of X ; it will evidently be a function of x. 

Increase x by PP' = dx ; then, in the figure of Art (90), 

PMMT' = »' - 5 = rf«; 

but since the chord MM' coincides with the arc MM', this area 
is the same as that of the trapezoid PMM'P', the measure of 
which, o being the middle point of MM', is o« x PP'. But 

OS = MP + no =z y + ^dy\ 

hence, 

PMM'P' = (y + ^dy) dx, 

or, rejecting ^dy, 

dt = ydx (1); 

that la, the differential of the area is equal to the ordinate of the 
ho/unding curve into the differential of the abscissa. 

The differential of the area included between the curve and axis 
of T, may be found in the same way to be 

ds = xdy (2). 

If the axes of coordinates are oblique to each other, PMM'P' 
would be a trapezoid, and its area would be ydx sin 0^ being 
the angle made by the co-ordinate axes ; hence, in tliis case, 

ds -= y sin 0dx (3). 
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To express these differentials in terms of a single varii&ble, we 
find, from the equation of the curve, the value of y in terms of 9; 
or from this equation and its differential equation, deduce the 
value of dx in terms of y and dy, and substitute in equations (1)' 
and (3) ; or deduce in a similar ^-aj x or dy, and substitute in 
equation (2). 

For examples, take the equation 



y« = R« - ««; 



whence 



d9 = ydx = -/R* — x*dx. 



Also the equation 



y« = 2p% 



the axes of co-ordinates being oblique ; then 



ds = V^p'x anPdx. 



93. Let the curve BM revolve about the axis of X ; it will 
generate a surface of revolution which will be a function of x, and 
which we denote by u. 
The notation being as in the preceding articles, the increment 

(u' — v) of the surface, when x is in- 
creased by dx, will be generated by the 
arc MM'. But this surface is the same 
as that of the frustum of the cone, gen- 
erated by the chord MM', which is meae- 
-J ured by circumference os multiplied by 
MM' ; whence 

du = 2 7r(y -f ^dy)dt = 2nydz, 

rejecting ^dy. Substituting for dz its value. Art (90), we have 

du = 2TryV~dx*^+ dy* (1); 



/ff 



i 
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thst ifl, the differential of a surface of revolution is equal to tfu 
circumference of a circle perpendicular to the axisy multiplied by the 
differential of the arc of the generating curve. If the curve revolve 
about the axis of Y, we may determine in the same vray 



du = 27rjr Vdx* -f dij*. 

To obtain the differential in terms of a single variable, we find 
from the equation and differential equation of the generating" curve, 
the expressions for y and dy in terms of x, or of dx in terms of p 
tod dy^ and substitute in (1). 

If \re suppose a parabola, whose equation is y* = 2jxr, to 
revolve about its axis, we shall have 

p 



94. Let the area BMP revolve about the axis of X ; it will 
generate a volume of revolution, which is a function of ar, and 
which we denote by v. If y be increased by PP' = di^ then the 
area PMM'P' will generate the increment {y* — v) of the volume. 
Bat this is the same as that of the frustum generated by th« 
Umpezoid PMM'P', which is measured by 

Hy' + (y + dyy + y(y + rfy)]^^; 

heiice, rejecting dy^ we have 

dv = ny*dx (1) ; 

tfant is, the differential of a volume of revolution is equal to ths 
9Tea of a circle perpendicular to the axis, mulliplied by the differ- 
inUal of tlie abscuaa of the curve which generates the bounding 
surface. 
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For the volume generated by 'the area included between the 
curve and axis of Y, wo maj find, in the same way, 

dv = rrz*dy. 

By deducing the value of y* in terms of x from the equation 
of the meridian or generating curve, or the value of dx in terms of 
y and di/ from this equation and its differential equation, and sub- 
stituting in (1), we shall have the differential of the volume in 
tenns of one'variable and its differential. 

If we take the particular case of the ellipsoid, the eqnation of 
the generating curve being 



y' = i?(»' - *'). 



wo have 



dv = -ny^dz = n-,{a* - x*)dx. 



Tendency of Curves to coincide. Obculatory Curvxb 

AND Curvature. 

95. It is now proposed to examine the tendency which curves 
with a common point, have to coincide with each other in the 
vicinity of this point ; and also the use which may be made of this 
property of curves. Let 



y = /(*), 



and 



y' = /'(^'). 




be the equations of any two curves BB' and 
CC, having the point M in common. In- 
crease the abscissa of erfch by A; then, by 
Art. (35), we have for the second states of the 
ordi nates, 



DIFFERENTIAL CALCULUS. 185 

As these curves have the point M in common, for this point we 
most have 

X — 9!^ and y =i %f\ 

» 

and if the co-ordinates of this point be substituted in the preced- 
ing equations, /(« + A) and f {sf + K) will represent, respect- 
ively, the ordinates MT' and M"F; ^, ^, Ac, will 
represent the successive differential coefficients of the ordinate of 
the first curve taken at the point M, Note, Art (80) ; and -7^, 

■-rjti &C., corresponding values for the second curve. 

If^ under this supposition, we subtract equation (2) from (1), 
member from member, and place 

dx dt> - ^' dx'* dx" ~ ' •* 
we obtain 

M'M" = A'A + A"^ + A"'-j-^ + &c (3> 

K now we make h infinitely small, each term of the series will 
exceed the sum of all the succeeding terms, Art (13), the points 
M' and M" will be consecutive with M, and it is evident that the 
smaller the distance M'M" becomes, the greater will be the ten- 
dency of the curve CG to coincidence with BB', in the vicinity 
of M. If A' = 0, or 

dy _ dy^ 

dx " dx" 
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by which M'M" will bo made very small, the curves arc said to 
have a contact of the jirst order. In this case they have a com- 
mon tangent at M, or arc simply tangent, Art. (80). 
If A" = 0, also, or 

d^ _ dW 

dx* "" (/«'** 

the second member of equation (3) becomes still leas, the tendency 
to coincidence still greater, and the curves are said to have a con- 
tact of the second order. 

If A''' = 0, the second member is smaller still, and the con- 
dition 

c^y _ dW 

dx^ "" dx'* 

gives the curves a contact of the third order; and, in general, two 
curves have a contact of the m^ order when they have a point in 
common, and the first m differential coefficients of their ordinates^ 
taken at this point, respectively equal. 

To ascertain the order of contact of two given curves, we have 
simply to combine their equations and deduce the values of the 
variables; for each set of real values they will have a common 
point ; then differentiate both equations, deduce the first differen- 
tial coefBcient of the ordinate of each curve, and substitute in them 
the co-ordinates of the common point ; if the results are equal, the 
curves have a contact of the first order. Differentiate again, and 
find the second differential coefficients of the ordinates taken at 
this point; if they are equal, the curves have a contact of the 
second order; and so on, the order of contact being always de- 
noted by the number of equal successive differential coefficients 
thus taken. 

To illustrate, take the two equations 

y' = 4z (1), y = a? + 1 (2). 
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Bj combining them we find a common pointi the co-ordinates 
of which are 

«" =1, y" = 2. 

By differentiation, we find from (1), 

dy 2 dy" 

-r- = - (3), whence -r-tr = 1 » 

dx y ^ ' dx 

and from (2), 



Differentiating again, we have from (3), 



whence 



d^y 

dx* ~~ 


— 


4 

y" 


and from (4), 






d*y 
dx* "" 


0, 





rfV _ _ 1. 



whence -t-ttv = 0. 



/'t 



dx 

The two lines having a point in common, and the first differen- 
tial coefficients of the ordinate taken at this point equal, have a 
contact of the first order. Since the second differential coefficients 
are not equal, the order of contact is no higher than the first. 

Take also the equations, 

4y = ar« — 4, y* — 2y = 3 — x\ 

i 

and ascertain the order of contact of the curves. 



96. The constants which enter into the equation of a curve 
determine its extent and position with respect to the co-ordinate 
axes. If, then, one curve be given completely, and another in 
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kind only, by its general equation, the constants in this eqoation 
being arbitrary, we can evidently assign such values to them as 
shall requh'e this curve to fulfil as many conditions as its equation 
contains constants ; that is, we may cause its equation to be satis- 
fied by the substitution of the co-ordinates of a given point of the 
first curve, thus making it pass through this point ; and, in addi- 
tion, may make as many diflerential coefficients of its ordinate 
taken at this point, equal to the corresponding ones of the first, as 
there are constants to be disposed of, less one, thus giving to Ae 
second curve dn order of contact at a given point of the first, 
denoted by the number of conatanta leas one. 

To ascertain the values which must be assigned to the arbitrary 
constants, first substitute the co-ordinates of the given point in the 
equation of the second curve ; obtain then the first differential co- 
efficients of the ordinate by differentiating the equation of each 
curve, substitute in these the co-ordinates of the given point, and 
place the results equal ; do the same with the successive differen- 
tial coefficients, until as many equations are thus formed as there 
are arbitrary constants. By the solution of these equations, we 
can find those values of the constants which will cause the condi- 
tions to be fulfilled. These, substituted in the equation of the 
second curve, will give an equation wjiich will represent the par- 
ticular curve having the required order of contact 

The curve which, at a given point of a given curve, has a higher 
order of contact than any other of the same kind, is called an 
Oiculntrix, Thus, an osculaiory circle is one which has a higher 
order of contact than any other circle. 

Since no more conditions can be assigned than there are con- 
stants, the hiyhest order of contact which can be yiven to a curve us 
denoted by the number of constants^ less one^ which enter 'tis most 
gmeral equation* 



97. Let these principles be applied : 

First : To find the equation of an osculatory right line. 
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Let the equation of the given curve be 

y = /(*). 

and the co-ordinates of the given point, ar" and y". 
The most general equation of the right line is 

y = aa? + b (1), 

containing but two arbitrary constants. The first condition to be 
fulfilled is that the co-ordinates x'* and y" shall satisfy equation 
(1) ; that is, we must have 

y"= ax" -f h (2). 

The first differential coefficient of the ordinate derived from 

dy 
the equation of the given curve is -r^, which for the given 

point becomes -7^. The first differential coefficient derived 

from equation (1) is ~ = a ; hence, the second condition is 

^^ = ^ (^)- - 

By the solution of equations (2) and (3), we find 

These values in (1), give the equation ' 

This, as it should be, is the same equation as that deduced in 
Art. (82). 
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98. Second : To find tlu equation of the oscillatory drde at any 
jiohit of Ifie curve whose equation is y = /(a?). 

Denote the given point, or point of osculation, by «" and y". 
The mo8t general equation of the circle is 

(x-ay + {y-py = R« (1), 

containing tliree arbitrary constants. A contact of the second 
order may therefore be given to the circle. 

Substituting z" and y" for x and y in the above equation, w» 
have, for tlie first equation of condition, 

{x"-oiy + (y"-i3)« = R« (2). 

By dificrentiating t|ie equation y = /(^), and substituting «" 
and y" in the first and second difi'erential coefficients, we obtain 

17- "^^ dh (3). 

Differentiating equation (1) twice, we have 

« 

(x -J a.)d£ + (y -^ fi)dy =: Oy whence ^ = 3-g; 

m 

1 + -^ 
dx' + dy' + (y - p)d'y = 0, whence ^ = -^\ 

Substituting x" and y" for x and y in the expressions for these 
differential coefficients, we obtain 

x " - g ^ dx"* 

- y" - |3' *'*'* "" y" ~ j3 ' 

and placing these respectively equal to expressions (3), we have, 
for the second and third equations of condition, 
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dy"* 



1 + 



."« 



By the solution of these equations, wo can find the values of R, 
a, and i9, which, substituted in (I), will give the equation of the 
osculatory circle. 

To illustrate let us seek the equation of the circle osculatory to 
die parabola whose equation is 

y' = ^^ 

at the point whose co-ordinates are x" = 1, y" = 2. 

Differentiating the given equation twice, and substituting the 
eo-ordinates 1 and 2, we find 



-7- = -, whence 

dx y 



dx' " v" 



These values, with the co-ordinates of the given point, placed in 
the equations of condition, give 

(l-a)» + (2-/3)« = R«, 

1 - a 1 2 



dx'' 


1 


1; 




d'y" 


— 


— 


1 

2 






2-/3' 2 2 - j3' 

whence 

a = 5, /3 = -2, R= VZ2\ 

and the equation of the osculatory circle will then bo 

(a:-5)« + (y + 2)> = 32. 
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Find also the equation of the circle osculatory to the curve 
represented bj the equation 

4y = «• - 4, 

at the point whose co-ordinates are «" = 0, y" = — 1. 

99. Since ifo the three equations of condition just considered, 
which arc called the equations of condition for the osculatory circle^ 
x" and y" may, in succession, be made to represent eVery point 
of the given curve, we may omit the dashes and write the equa- 
tion thus, 

(«-«)•+ (y-^)' = R* (1), 



X 



-.« = -|(y-^) (2). 



y-p^ $^ («)! 

in which, it must be recollected, x and y are the co-ordinates of 
the point of osculation, a and /3 the co-ordinates of the centre of 
the osculatory circle, and R its radius. 

Substituting in (1) the value of « — a, and reducing, we 
obtain 

li. = (y - &y + %iy- 0). = (y - Py{^^^^); 

whence, by the substitution of the value of y — /3, 

(rfx' + rfy')i 
" ~ dtd*y ' 

which is a general value for the radius of the osculatory circle. 
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K z denote the arc of the given curve, then 
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dz = Wx» + 5y* Art (90); 



hence, the above expression for R becomes 



R = ± 



dz' 



dxd'y 



100. If 9 denote the angle made by the radius of the oscala- 
tory circle drawn to the point of osculation, with a fixed line as 
OP, M and M' two consecutive points, and 
MC and M'C the corresponding radii inter- 
secting at C, then 

MC = R, MM' = dz, fin' = d^, 

and we have 




nC : MC : : nn* : MM', 



or 



I : B, :: d^ : dz\ 



hence, 



dz = Bd^, 



and 



dz 
R = -7—. 
df 



101. Let A be any point in the piano 
of an osculatory circle, C its centre, MP 
a tangent at the point of osculation, and 
AP a perpendicular to the tangent. Join 
AC, and denote CM by R, AM by r, 
and AP by y;; tlien 

AC* = R' -h r« - 2rRcosAMC; 
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but 



AMC = «nAMP = ^; 



hence, 



AC* = R« + r« - 2* 



DiffcrcntiatlDg, since AC and R are constant as we pass from 
one point of the circle to another, we have 

= 2rdr — 2Rdfp, 



R = 



rdr 



102. If two lines have the first order of contact, or are simplj 
tangeiit to each other, they arc said to have two consecutive points 
in connnon. If thev have the second order of contact, they have 
three consecutive points in common, and so on. 

H then, M, M', and M" be any three consecutive points of a 
curve of double curvature referred to the axes AX, AY, and AZ, 

the circle passing through 
these points, having its 
centre at C, will bo the 
osculatory circle of the 
curve. It is now proposed 
to determine a general ex- 
pression for its radius. De- 
note the co-ordinates of M 

ordinates of M' will then 
bo 




X ■{- dx^ y •{• dijy z + dz 



(1). 



Diffcrcntiatinj; these, we have 
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it + d*9^ dy + rf*y» ^ + ^*«; 

and adding these to expressions (1) respectively, we have 

X + 2dx + <£•«, y 4- 2cfy + d^y^ z + 2cf« + </•«, 

for the co-ordinates of M". Produce the element MM' to N, 
making M'N = MM' ; then the co-ordinates of N will be 

X + 2dx^ y + 2cfy, z + 2dz. 

These co-ordinates of M" and N being substituted in the gen- 
eral formula 



D = Vix^x'y + {y^yy + (z ^ z')\ 
will give 

M"N = V{d'xy + {d^yy + {d^z)\ 

With M' as a centre, describe the arc NO ; then, from the ele- 
mentary triangle NOM", we have 



NO = Vm"N' - M"0'; 
or since, the arc being denoted by «, MM' = ds and M"0 = </'#, 



NO = V{d*xy + (<fV)* + {d'^y - (^'O'- 

The elementary triangle NM'O being similar to MM'C, we 
have the proportion, 

M'N : MC : : NO : MM', 



rf» : R :: NO : cf»; 

whence 

» 10 
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NO V(rf««)« + (rf*y)« + {d*zy - {d*9y'"'^ '' 

the expression sought, in which either variable may be regarded 
as the independent one. 

If the curve become of single curvature, its plane may be taken 
as the plane XT ; z will be equal to 0, and the above iexpression 
reduce to 

ds* 

the most general expression for the radius of an oscnIatDry circle 
referred to rectangular co-ordinate axes in its own plane. 

If in this, 8 bo regarded as the independent variable, d^t = 0, 
and the expression becomes 



If y be the independent variable^ <f *y = 0, tad expresrion 
(3) becomes 

R= , ^' ^ (4). 

But 

ds* = dx* + dy*; 

differentiating this, dy being constant, we have 

dxd^x 
2dsd*8 = 2dxd*x. or d^s = — ; — -, 

d$ 

SubsUtutiug this in (4), and reducing, we obtain 

dyd^x 
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If X ,1^, the independent variable, a similar process wiji ffiye 

R - Wl 
"" dxd*y' 

the same ezpr^sion as m Art (99), since in this case < represents 
the arc 



103. 'Since the cnrve and oscnlatory circle at a given point 
have & tangent in common, they mnst also have the same normal ; 
but the normal to the circle passes through its centre ; the normal 
to the jcnrve mnst then pass through this centre ; or the radius of 
the oseulatcry circle^ drawn to the point of osculation, is normal to 
the curve. 



104. Let BB' be any curve, and CO' an 
arc of the.oscnlatrix of the first order, at M. 
Since in this case A' = 0, the expression 
for yi'W'j Art (95), becomes 




M'M" = A 



ff 



1.2 



+ A 



fff 



h' 



1.2.3 



+ Ac 



(1); 



in which, h : being infinitely small, the sign of . M'M" will be the 
same as that of A", whether h be positive or negative; that is, 
M'M" and m'm'' will have the same sign ; hence, if M". i& below 
the curve BB', m" will also be below, and the converse ; and the 
06culatrii( .cannot interisect the curve at M. 

If the contact be of the second order, we have also A" = 0, 
and 



M'M" = A 



tn 



1.2.3. 



+ A 



int 



1.2.3.4 



+ Ac, 



, Tbifth ;^lr ha?e the same sign as A" '..when, A is positive, and a 
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contrary sign when h is negative ; that is, M'M" and tnm" have 
ooutrary signs; hence, if M" is below the curve BB', «i" will be 
above it, and the converse ; and the osculatrix must cut the curve 
at M. 

It maj be shown, in the same way, that any osculatrix of tm 
even order intersects the curve at the point of osculation ; while one 
of an uneven order doen not. As, when the order of contact is 
even, the first tenn of (1) will contain h with an odd exponent, 
and will therefore change its sign when h becomes — A. This 
will not be the case when the exponent of h in the first term of 
( 1 ) is an even number. 

The osculatory circle, however, does not intersect at those points 
al)out which the curve is symmetrical with its normal. For, ordi- 
nates being drawn from the points of both, perpendicular to the 
cominon normal, if the ordinate of the curve on one side is greater 
than the corresponding ordinate of the circle, it will be so on the 

other side; as may be seen iq the figure, 
in which, if pn > />o, then pn' > po'\ 
or if pn < po^ then pn' < po\\ hence, 
in this case, in the vicinity of the point 
M, the circle lies entirely within or en- 
tirely without the curve. In these cases 
it will be found that the order of contact 
of tjie circle is odd, and higher than the second; for, unless 
A"'= 0, the circle must intersect, as shown by the preceding 
demonstration. 

Since the osculatory circle has a more intimate contact with a 
curve at a given point than any other circle, it will necessarily 
sepjiratc those circles which are tangent without the curve from 
those which are tangent within. 




105. The curvature of a curve at a given point is its tendency to 
depart from its tangent at that point ; or is the angular space in- 
eluded between the curve and its tangent. Tlius, of the two curves 
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AC and AB, having the commoD tangent AD, ^ 
the former has a greater tendency to depart from 
the tangent, and has the greatest curvature, since 
the angular space DAC > DAB. , 

The curvature of the circumference of a circle re evidently the 
same at ail of its points ; but of two different circumferences, that 
one curves the most which has the least radius; as in the figure^ 
the tendency of old to depart from the 
tangent is greater than that of ah'd\ and 
this tendency plainly increases as the radius 
decreases, and the reverse ; that is, the cur- 
witurt in two different circles varies inversely 
(U their radii. 



This being the case, the expression -p- may be taken as the 
measure of the curvature of a circle whose radius is R. 

Since the contact of the osculatory circle with a curve is so 
intimate, its curvature may be taken for the curvature of the curve 
at the point of osculation ; and the two in the immediate vicinity 
of this point may be regarded as one and the same turve ; hence, 
to compare the curvatures at dif- 
ferent points of a curve, we have 
only to compare the curvatures of 
the osculatory circles drawn at these 
pointa Thus, in the curve MM', 





curvature at M : curvature atlM :\ - 

r 



106. The radius of the osculatory circle at a given point of a 
curve is called the radius of curvature, at that point; and the 
centre of the circle is the centre of curvature, A general expression 
for this radius is given in article (99), and it may be found for any 
particular curve by differentiating the equation of the curve, and 
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substitnting the derived expressions for dy and tf'y hi the 
formula, 

• ^ - =*= dxd^y • 

If the valne at any particnlar point of the cnnre he required, 
for X and y in the expression just deduced, substitute the co- 
ordinates of the particular point. 

As only the absQJute length of the radius of cunrature k re- 
quired in determining the curvature of curves, we may use cither 
tbe plus or minus sign of the formula. It is best, in general, to 
use that which, taken with tlie sign resulting from the ei^ressioo, 
will make R essentially positive. 

Let it now be required to find the general expression for the 
radius of curvature of Conic Sections. 

Their equation is 

(p 4- r*t\d» 
y* = 2px + r'ap*; whence dy = ^^- — ^ 

9 

if 

r^ydx* — (P + r^x)dxdy _ [r^y* — {p + r«g)»]rfap* 

(* y — m a • 

These expressions substituted in the formula give, after re- 
duction, 

the numerator of which is the cube of the normal. Art (85). 
Ilence, the radius of curvature at any point of a conic section, is 
equal to the cube of the normal divided by the square of half the 



V 
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parameter^ and the radii at different points are to each other at 
the cubes of the corresponding normals. 

If in (1) we make « = 0, we have, at the principal vertex^ 

R = 2> == one-half the parameter^ 



whieh for the ellipse and hyperbola is — . 

The radina of cnrvatore at the vertex of the conjagate axis of 
the ellipse, ia obtainied by sabstitnting in (1), 



« = — , r' = =, and « = a. 



a 



The result is 



a* 



B = -^ = im0-half the parameter of the conjugate axii. 



It may be readily shown that p is the least value of R ; there- 
fore the curvature at the principal vertex of a conic section, is 

greater than at any other point Likewise, -7- ^ '^ greatest 

value of R in the ellipse ; hence, the curvature of the ellipse is 
least at the vertex of the conjugate axis. The curvature of the 
other two curves diminishes as we recede from the vertex. 
For the parabola r* = 0, we then have 



P* 
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EVOLUTES. 

107. I^ at the different points of a given cnnre, oeculatoiy 
•iicles be drawn, and a second curve traced through their centres, 

the latter is called the evolate of the 
former, which is the involute. Thus, 
CO'' is the woluU of the involute MM". 
Points of the evolnte may always be 
constructed by drawing normals at the 
different points of the involute, anB on 
each of these normals laying off the 
corresponding value of B^ deduced as in 
article (100). 




108. If a and /?, the coK>rdinates of the centre of the osculatory 
circle, be regarded as variables, they will determine all the points 
of the evolute ; but a, j3, and R, are functions of x and y, the 
co-ordinates of the points of osculation ; and the relation between 
these five variables is expressed by the three equations of Art. (99), 
which may be written thus, 

{x-ay + (y-j3)» = R»....(l), 

{x — a)dx + {y — P)dy = (2), 



(y - j3)rfV + dy* + (/«• = 



(3). 



If we differentiate (1) and (2), regarding all the quantities, 
except dx^ as variables, we obtain 

(«-a)rfar + (y-/3)(fy~(ir-a)cfa-(y-i3)rfi3 = IWR, 

dx^ + dy* + (y — P)d^y — dxda. — dydp = 0, 
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and these, by means of equations (2) and (3), are reduced to 

— (« - a)da - (y - p)dP = RrfR (4), 

— dxda — dt/dP = (6). 

Equation (5) gives 



dx _ dp 
dy da 



(«)• 



lute at the point (r, y) makes with the axis of X, Art (84), and 

dp 

-T- is the tangent of the angle which a tangent to the evolute at 

the point (a, j3) makes with the same axis ; hence, these angles 
are equal. But the normal at the point (or, y) passes through 
the point (a, i3), Art. (103) ; therefore the normal and tangent 
form one and the same line ; that is, iht radius of curvature i$ 
normal to the involute^ and tarifjenl to the evolute. 

The evolute may therefore be constructed by drawing a curve 
tangent to the normals at the different points of the involute. 

From what precedes, it is plain that the evolute may be re- 
garded as formed by the intersections of the consecutive normals 
to the involute, and that the point of intersection of any two con- 
secutive normals may be taken as the centre of the osculatory 
circle, which passes through the two consecutive points of the 
involute at which the normals are drawn. 



109. Equation (6) of the preceding article, combined with (2), 
gives 
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Sabstituting this valne in (1), we have, after redaction. 



„ _ ^Y^ii^^ = E' 



(»)• 



Substituting the same value in (4), reducing and squaring both 
members, we obtain 

Dividing this by (7), member by member, and taking the root, 
But if z represent the arc of the evolute, we have 



hence 



dz = VdoL^ + dfi*. . - Art (90); 

d[K — dz, and R = « + c Art (16). 



ju 



110. If any two radii of curvature be drawn, as one at M' and 

the other at M" ; the first being denoted 
by R, the second by R', and the corre- 
sponding arcs CC and CC" by z and «', 
we have 

R = « + c, R' = 2' + c; 

whence 

R' - R = 2' - «; 




that is, the difference hettoeen any two radii of curvature is equal to 
ih£ arc of the evolute intercepted between them. 
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If in the equation B, =z z + c^ we make 2; = 0, and denote 
by r, the corresponding value of R, we shall have 

r = + c = c; 

that is, the constant c is always equal to the radius of curvature 
which passes through the point of the evolute, from which its arc 
is estimated. 



If we estimate the evolute of the ellipse 
from the point C, we have 



c = MC = - 

a 



Art (106); 



hence 




a 



Also, since 



M'C =. J, 



M'C - MC = ~ - - = CC 

6 a 



If the evolute and one point of the involute be given, and a 
thread be wound upon the evolute and drawn tight, passing 
through the given point M, when the thread is unwound or 
evolved, the point of a pencil first placed at M will describe the 
involute ; for by the nature of the operation, CC is always equal 
to M'C - MC. 



111. The equation of the evolute of any curve may be found 
thus : Differentiate the equation of the involute twice ; deduce 
the expressions for dy and d^y, and substitute in the equations 
(2) and (3), Art (99), 
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*-« = -2(y-^) OV 



y-^ = — 5^r~ ^^' 



combine the results, which will contaiu the four variables, et, fi 

m 

rr, and y, with the equation of the involute, and eliminate x and 
y ; the final equation will contain only a, j8, and constants, and 
will therefore be the required equation. 

As an example, let it be required to find the equation of the 
evolute of the common parabola. 

The equation of the involute is 

dy p 
y* = 2/Mr, whence 5i = y» 






Substituting these values in (1) and (2), and reducing, we have 



X — OL = — — — ^.•••••••^3^, 



y — P = ^ + y, whence — ^ = -; (4); 



and putting for y, in (3) and (4), its value V^px = (2^)*:e«, 
we have 



X — a = — 2x ^ Pf — /8 = 






pit 
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Ti'e valae of x = -[a —- p) taken from the first eqnatiODi 

3 
and substitnted in the last, gives 



8 



^• = ^(--'')'' 



which is the reqnirc^d equation. 



If we make j8 = 0, we have « = 1>, 
AC = j>, C will be the point at which the 
evolute meets the axis of X. If we trans- 
fer the origin of co-ordinates to this point, 
we have 



= p + a', ' = jS'; 



hence 



i8'* = 



8 



2lp 



a'\ 



and laying off 




Since every valne of a' gives two values of /8', eqnal with con- 
trary signs, the carve is symmetrical with the axis of X. If a' 
be negative, jS' is imaginary, and the curve does not extend to, 
the left of C. The branch CC belongs to AM, and CC" to 
AM'. 



Envelopes. 



112. Let 



« =/('»y»a) = 



(1). 



represent a curve given in kind only, a being the only arbitrary 
GouMtant in the equation. If a be regarded as variable, and be 
changed so as not to change the form of the equation, we may 
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obtain an infinite number of curves of the same species as that 
represented by (1). If a be increased by cfo, we shall evidently 
obtain the curve of the species which is consecutive with the first. 
By incrca8y|ft a again by da^ we shall obtain the next consecutive 
curve, and 80 on. In general, these consecutive curves will inter- 
sect each other two and two, and by their intersections form a 
new curve, which is called the envelope of the species represented 
by equation (1). 



113. To explain the mode of obtaining the equation of this 
envelope, we substitute, in equation (1) of the preceding article, 
a + cfa for a, and obtain 

«' = f{^^y^^ + <'«) = 0; 
or by Taylor's theorem, Art (35), 

du . , d^u da* , . « .,v 



Since u =/(t, y, a) = 0, 



du 



and since, da being infinitely smaiJ, all terms after -r- da may 
be rejected, equation (1) becomes 

du , ^ du ^ 

-rf« = 0. or - = (2), 

which is the equation of the first consecutive curve. 

If this be combined with equation (1) of the preceding article, 
the values of x and y, in the result, will be the co-ordinates of 
the points of intersection of these two curves; and if they bo com- 
bined in such a way as to eliminate a ; x and y will be the co- 
ordinates of the points of intersection of any two consecutive 
curves of the same species, or the general co-ordinates of: the 
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curve formed by these intersections. To obtain, then, the equation 
of the envelope of a curve given in kind, we combine its equation 
with its differential equation, taken witli respect to the arbitrary 
constant, and eliminate the constant; the result will be the re- 
quired equation. 



114. This elimination may be effected by deducing the ezprto- 
sion for a, in terms of x and y, from the equation 

s = « (■). 

mnd substituting it in equation (1) of article (112). This expres- 
sion may be represented by a = 9 (:r, y). 

If^ then, in equation (1) of Art (112), a be regarded as equal 
to 9 (rr, y\ that equation will represent the envelope. If, under 
this supposition, the equation be differentiated, we have, for its 
differential equation, 

du . rfu , . rftt , 

dx dy ^ da * 

which, since -r- = 0, reduces to 

da 

du du 

— Jx 4- — dv = 0: 

dx ^ dy^ ' 

ftD equation identical with that obtained by differentiating equa- 
tion (1), Art (112), when a is constant The expressions for -—, 

deduced from these two equations, will then be the same; hence, 
at the point of intersection of two consecutive curves, the tangent 
to the envelope will be the same as the tangent to the first curve ; 
or, the envelope is tangent to the different curves of the species, 
hence its name. 
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115. We may illustrate by the following examples : 
1. Deduce the equation of the envelope formed by the inteTseo^ 
tiona of the consecative right lines given by the equation 

u = y — uuf — -= (1), 

when a varies. Differentiating with respect to a, we have 

du . * « 

da . a' 



whence 



=*«/?. 



Substituting this value in (I), reducing, and squaring both 
members, we have 

the equation of a parabola. 

2. Deduce the equation of the envelope of the parabolas, given 
by the equation 

(1 + a') a?* — 2apx + 2py = 0, 

when a varies. 



116. If the equation of the curve have two constants, we may 
limit the species of curves represented by it, by requiring an equa- 
tion of condition to exist between these constants, such as to make 
one dependent upon the other. In this case, the expression for 
one, in terms of the other, may be obtained from the equation of 
condition and bo substituted in the equation of the curve, and then 
the equation of the envelope of the species be deduced as in the 
preceding article. Or otherwise, the given equation may be dif- 
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ferentiatcd, regarding one of the constants as a function of the 
other ; the equation of condition may also be differentiated nnder 
the same supposition, and then, by the combination of the foar 
equations, the differential coefficient and constants be eliminated, 
thus giving the equation of the envelope. 

In the same way, the equation of the envelope, when there is 
any number of constants with a proper number of equations of 
condition, may be determined. 



Ekamples. 

1. Find the equation of the envelope of the different positions 
of a right line of given length, which is moved with its extremities 
IB two rectangular axes. 

Let / be the length of the line, a 
and b the distances cut off from the 
axes of X and Y respectively. The 
equation of the line may be put under 
tiie form 



9 V 

- + r = 1 

a 



(1). 




From the condition of the problem, we also have 



a» + *• = I 



(2). 



Differentiadng, regarding a as a function of 6, we have 






ada 4- bdb = 0. 



Deducioff from these the expressions for ~, and eqt 

11 
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a»y 6 , 1 a^i^ 

7-r— = -, wnenco — = rT~» 

b*x a' a b*x 

SnbstitutiDg this in (1), we have 

^ + 1=1, or (a» + 6')y = 6»-,. 

and dnce a* + 6' = /*, 

In the same way, we find 

a = 4^. 

Substitating these expressions in (2), and reducing, we haTe, 
for the equation of the envelope, 

2. Find the equation of the envelope of a series of ellipset 
having the same centre, same co-ordinate axes, and same area. 
Let the equation of the ellipse be put under the form, 

T'+i=' (^)- 

Since the areas are the same, we must have 

ab = c* (2), 

e' being constant. By differentiating, dec, as in the preceding 
article, wo find for the envelope, 

^ = 2 
the equation of an equilateral hyperbola, referred to its asymptotes. 
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Application of the Differential Caloulits to the 
consteuction and disoussion of cubves. singular 
Points, 

117. The most general division of carves is into the classes, 
Algebraic and Transcendental, 

When the relation between the ordinate and abscissa of a cun^e 
can be expressed entirely in algebraic terms, Art (5), it belongs 
to the first class; and when such relation cannot be expressed 
without the aid of transcendental quantities, it belongs to the 
second class. 

We have seen, in Analytical Geometry, the mode of constructing 
and discussing curves when their equations are given. By the aid 
of the Differential Calculus, this discussion may not only be sim- 
plified but much extended, and the nature, form, and properties <»f 
the carve be thas more fully ascertained. 

On many carves points are found, at which there exists some 
remarkable property not enjoyed by the other points of the curve. 
These are called singular paints. They are entirely independent 
of the system or position of the co-ordinate axes, and are easily 
discovered and characterized by the Calculus. 

A detailed discussion of the general equation 

y = 6 + c(ar~a)- (1), 

in which m is' any positive number, will illustrate these principles. 

First : Let m be entire and even. 

Since every value of ar, positive or negative, gives one real value 
for y, the curve is continuous, and extends indefinitely in the diroc- 
tion of the axis of X. 

By the differentiation, &C., of (1), we have 
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g = mc(a:-a)— ...(2), g = m(m- l)c(«-a)— .. .(8), 



-r~ = Tn(m — 1) 2. I.e. 



dy 
Placing ^ = 0, 



we obtain 



X =: (h 



This value of dr, when substitnted in (I), (2), (8), Ao^ pwm 
y = 6, and reduces the successive differential coefficients to 0, id 
far as the mth, which, if c be pasitivfj becomes a positive constant, 
and is of an even order; hence, y = 6 is a minimum ordinate, 
Art. (70). 

Since for x z=z a^ we have — = 0, the tangent line at th^ 

extremity of this minimum ordinate is parallel 

to the axis of X; and since (m and m — 2 

being even) for all values of x except « = a, 

d*y 
y and -j^ are positive, the curve at all of 

its points is convex towards the axis of X, 
Art (80). 

If c he negative^ the mth differential coefficient will be negative } 
and X = a and y = b will be the co-ordinates of a point at which 
the ordinate is a maximum. In this case, the second differential 

coefficient for all values of x, except x = a^ 
is negative, and the curve, for all positive 
values of y, concave, and for all negative 
values of y, convex, towards the axis of X. 
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118. Second: Let m be ev (ire and odd. 

In this case, each value of x gives one real valne for y ; and 
each value of y, a real value for x ; hence,*the curve is unlimited 
in cither direction. 

When rr =r (/, the first differential coefficient, as before, is equal 
to 0; as also the second, third, &c. The wth, however, if c h^ 
positive^ is a positive constant, and of an odd order ; there is then 
in this case, neither a maximum nor a minimum. Art. (70). 

By examining the second differential coefficient, we see (sinc« 
m — 2 is odd), that for every value of « < a, 
it is negative ; that for x z=z <iy it is ; and 
when a; > a, it is positive : hence, for all values 
of a: < a, which give y positive, the curve is 
eoncave towards the axis of X; and for all 
values of a; > a, it is convex, as in the figure. 
Therefore, at the point whose co-ordinates are x = a and y = 6, 
as X increases, the curve changes from being concave, and becomes 
convex, towards the axis of X. 




If c he negative; the reverse will be the case, and as in the 
second figure, at the point M, whose co-ordinates are x = a and 
y = 6, there is a change from convexity to 
concavity towards the axis of X. Such points 
are singular, and are called points of inflexion. 
In both cases the tangent line at the point of 
inflexion is parallel to the axis of X, and also 
cuts the curve. 




119. Third: Let m be a fraction, the numerator and denomi- 
nator of which are odd, as |. 



Then 

dy ^ 
dx 



z= b + c(x — a)*, 



de 



6(ar — a)* 



dx* 



2 
6 



3c 



5(x - a)J 



.<fec. ; 
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X = a gives 

V = O. -— = CO . — = 00 . AC 

If c be potitive; -7-^, for all Talues of x < a, will be posi- 

tive, and for all valaes of x > a, nega!dve; hence, 
for all values of x less than a which give y posi- 
tive, the curve will be convex, and for all values 
of x greater than a it will be concave towards 

the axis of X, as in the figure. 
A^" ' 

If che negative ; the reverse is the case, as in the second figure. 
l*he point M, whose co-ordinat4» arc x =z a and y == 6, is in 

both cases a point of inflexion at which the 
tangent line is perpendicular to the axis of X 
Whence we may say : A prnnt cf inflexion is one 
at which, as the abscissa increases^ a curve changes 
from being concave towards any right line^ not 
passing through the pointy and becomes convex^ or 
the reverse. 

If the right line be taken as the axis of abscissas, this point will 
always be characterized by a change of sign in the second differen- 
tial coefficient of the ordinate. For, since the curve on one side of 
tiic i)oint is concave, and on tbc other convex, the second differen- 
tial coefficient in one case has a different sign from that of the 
ordinate, and in the other the same ; hence, at the point the sign 
nuist have changed. In order that this may be the case, the sec- 
ond differential coefiicient must be equal to zero, or infinity. 
The roots of the two equations, 

d^y ^ d*g 

dP = ^' ^"^ d^ = "' 

will then give all the values of the variable which can belong to 
points of inflexion. 
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It sometimes happens that a point of inflexion lies on the axis 
of X, as in the second case above discussed when 6 = 0. In this 
case X = a gives 



y = 0, 



and 






and the corresponding point M is a point of in- 
flexion, at which both the second differential 
coefficient and ordinate change their sig^s. 

It is evident, from the preceding discussion, 
that if any right line be drawn through a point 
of inflexion, the curve on both sides of the point will either be 
convex towards the line, or concave. 



,^2L 



ISO, Fourth : Let m be a fraction with an even numerator, as }. 



Then 



y = 6 -f c{x — a)', 



dx 



2e 



3(a?~ a) 



i' 



d^ 
dx^ 



1 
3 



2e 



3(« — a) 



i 



r = a gives 



y = 6, 



dy 






= co< 



dy 
If c he positive ; for « < a, — will be negative, and for 

X > a, it will be positive ; hence at the point whose co-ordinates 

are x = a and y = &, -j- must change its sign from 

minus to plus, which change indicates a minimum ordinate, 
Art (69). 

If c he negative ; the reverse will be the case, there will be a 
change of sign from plus to minus, and the ordinate will be a 
maximum. 
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In the first case, the second differential co- 
efficient for all values of x is negative, and the 
ordinate positive; the curve is therefore con- 
cave towards the axis of X, as represented in 
fig. {a). 

In the second case, -r-j is always positive. For all positive 

values of y the curve will then be convex, and for all negative 

values of y concave, as in fig. (6). The tangent 
at the point M is in both cases perpendicular to 
the axis of X. 

The point M is singular, and is called a cusp. 
It is a point at which the curve, when inter- 
rupted in its course in one direction, turns immediately into a con- 
trary one. 



' 121. Fifth : Let m be a fraction with an even denominator, as ^ 

Since the denoininator of the ^'action indicates that the 

square root is to be taken, the double sign :t must be placed 

before {x — a)«, and we then have 




y = 6 dt c(« — a)% 



•'^ ^ '^ 4(x-«)i 



Every value of x <^ a gives y imaginary; or = a givei 
y = 6, and x > a gives two values, one greater and the 
other less than 6. Tlicre is then no point on the left of that one 
whose co-ordinates are x -= a and y = 6 ; but on the right 
of this point the curve must extend indefinitely, and consist of 
two branches. 
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X = a 



gives 



dx 



= (J; 



the tangent at M is then parallel to the axis 
of X. 

Each value of z > a gives two values for 

-r-j, the one positive corresponding to the L 

greater value of y, and the other negative; hence, the upper 
branch is convex, and the lower, until it crosses the axis of X, 
concave, as in the figure, and the point M is a cusp. 




122. Let us now take the equation 



(y - «•) = «•, 



from which we deduce 



y = «• ± or*, 



-/. = 2a? =i= -a? , 
dx 2 ' 



dx' " ^ ^ 2 2 "^ • 



When or = 0, we have y = 0. If a; be negative, y is 
imaginary. For every positive value of rr, there are two real 

values of y, both of which are positive as long as «* > j:> of 
j: < 1 ; after which, one is positive and the other negative. 



«r, dy 

When a: = 0, -~ = : also when 

dx 



2 dz ^x4 = 0, 



or 



X = 



16 
26** 
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hence the axis of X is tangent to the curve at the origin ; and 

the tangent to the lower branch, at the point whose abscissa ifc 

1 ft 

—-f is parallel to the axis of X. 

The first value of -r-j belongs to the upper branch, and is 

always positive. The second value is also positive as long as 

2>^^ar*, or a?< jY^; after which it is negative. 

The origin is then a cusp, at which 
both branches lie on the same side of 
the common tangent, and is of the 
secotid specieSj those before discussed 

being of the Jirst species. The point of the lower branch whose 

abscissa is ^^T ^ ^ point of inflexion. 



123. From the equation, 

at/* — «• + te* = 0, 
we derive 




ut, i AM^ - ^) </y^^ 3X-26 

^ a ' dx 2Va{x^b)' 

Since a? == gives y = 0, the origin A is a point of the curve. 
All negative values of x make y imaginary, as also all positive 

values less than b ; hence, A has no consecutive 
point Such points, given by the equation of 
a curve, but having no consecutive points on 
either side, are singular^ and are called isolated 
or conjugate points. 

Substituting for x in the expression — , 

it reduces to 



V^l6' 
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an imaginary expression; and, in general, at a conjugate point, 
one or more of the differential coefficietUs of the orditiate must be 
imaginary^ gince y\ the consecutive ordinate, when developed as 
in Art (35), can only be imaginary under this supposition. 
If we take the equation, 

a*ff* = or* — a*x\ 
whence 

a* dx aWx* - a* 

T = and y = will satisfy the equation, while no other value 
of X, numerically less than a, will give real values for y. The 

origin is then a conjugate point. In this case, for a? == 0, -f- 

dx 

reduces to 0. K the second differential coefficient be taken, it 

will, for ap r= 0, reduce to- an imaginary expression. 



124. Take the equation, 



y = 6 db (a: — a) yx 



c 



I 



Aod suppose a "^ c. By differentiating, we derive 

dy , / , X — a 



"dx 2 Va? -. c 

For every value of a? < c, except ar =? a, y is imaginary. 

dy 
For a? = c, y = 6, and — = oo. 

For every value of a; > c, there are two real values of y. 

For a? =: a, y = 6, and -~ = db Vo — c. 
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and at the corresponding point M tliefe are two tangents, 01I6 
making an angle, the tangent of which is + V'Ol — c, and 

• the other — Va — c. The 

/" ^*^^sm/^ point M is singular^ and belongs to 

^ . ^/^>s. * <5^**® called multiple points^ or 

\ points at which two or more branches 

of a curve intersect If but two in- 
tersect, the point is a double multiple point ; if three, a triple ; and 
so on. Since there will be a separate tangent to each branch, at 
one of these points, it will be characterized by two or more values 
of the first differential coefficient, for the same values of the variables. 

If a <, c, X z=, a, and y = 6 give a conjugate point 

125. We will close the discussion of algebraic curves by con- 
structing the curve given by the equation 

ay* — «* + (6 — c)x* + 6at = 0; 
whence 

a/x(x — b){x 4- c) dy 3a;' — 2x(b — c) — 6c 

« ' ^-^ 2 Vax{x-'h)(x -fc)' 

Each of the values, a: = 0, « = 6, x ^ — c, gives y = 0. 

Every negative value of r, numerically greater than r, gives y 
imaginary ; while every such value less than c gives two equal 
values of y with contrary signs. Every positive value of a: < 6 
gives y imaginary ; and every such value greater than 6, gives two 
equal values of y with contrary signs. The curve is then symmet- 
rical with reference to the axis of X. 

Each of the values, a; = 0, a; = 6, « = — c, reduces — to 00 ; 

dx 

hence, at the three corresponding points the tangent is perpendic- 
ular to the axis of X. 
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By solying the equation, 

3ar* - 2x{b _ c) - 6c = 0, 

we shall find two real values for x, one positive and the other 

negative^ and thus determine the points at which the tangent is 

parallel to the axis of X. The positive value will be found to be 

less than 6, and hence will give no 

point of the curve. The negative 

value is numerically less than c, and 

gives two points, one above and the 

other below the axis of X. The 

curve may then be drawn as in the 

figure, in which AC = — c, and 

AB = 6. 

If c = 0, the equation become^ 

% 

ay* — «• + bx* = 0, 

aad the oval AC reduces to the conjugate point A, as in articb 
(123). 

If 6 = 0, the equation becomes 

ay* — x* — ex' =r 0, 




and Ibe curve takes the form indicated in figure 
(6), the origin being a double multiple point, since 

^ becomep equal to =i= 



4 

a 



(i) 



J 



^ 



If b and e are both equal to 0, the equation becomes 



= ±v?.. 



ay* — J?* = 0; whence y 

find the curv^ will be as in figure (c), the point A 
g a cusp of the first species. 



k 



•■■■«» WU^/ »«U* V M T* <>a XFy^ «•» At* AAB 

being a cusp of the first species. 
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126. One of the most important of the trawxendental curves is 



Thb Logarithmic Cubye, 

80 named because it may always be referred to a set of co-ordinate 
axes, such that one co-ordinate will be the logarithm of the other. 
Its equation is usually written 

3f = log«^ 
or, if a be the base of the system pf logarithnui 




The curve is given when a is known, and 
may be constructed by laying off on the axis 
of X the different numbers, and oii the cor- 
responding perpendiculars the logarithms of 
these numbers. Or it may be constructed 
from the equation a: = a', by making y = ^, 
1^, ^, &c. ; whence, the corresponding values 
of I are 

X = \/a, X =z a Vay x = Va, <kc. 



When y = 0, ar = 1, This being the case for all systems of 
logarithms, shows that all logarithmic curves, when referred to the 
same axes, cut the axis of X, or axis of numbers^ at a distance 
from the origin equal to unity. 

If (z > 1, and x > 1, y is positive, and increases as x incrcaset:; 
if X < 1, y is negative, and increases numerically as x decreases, 
until X =z 0, when y = — oo . If « be negative, there will be 
no corresponding value of y. The curve will then be of the form 
indicated by the full lino in the figure. 

If a < 1, the reverse will be the case, and the curve will be 
represented by the dotted line. 



d'y 






M 




dx* 






X*' 




dv 
dx 


z— 


M 



— 


«; 
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127. If now. we differentiate tJie equation y = log a*, M being 
the modulus, we deduce 

rfy ^ M 
dx X ' 

When ar = 0, 

hence, the tangent at the corresponding point is the axis of Y ; 
and since for a; = 0, y = — oo , this tangent is an asymptote. 

When or = 00, ^ = ._ = o. 

But :r = 00 gives y = oo ; hence, there is no tangent parallel 
to the axis of X, at a finite distance from it 

The value for the subtangent on the axis of X is 

dx x 

If the subtangent be taken on the axis of T, we have 

SS' = ar^ = M; 
dx 

that is, the subtangent on the exis of logarithms is constant^ and 
equal to the modulus of the system in which the logarithms are 
taken. 
K M = 1, SS' = 1 = AB. 

d*u 
Since,, when a > 1, -^-j is negative for all values of ar, the 

^art BM is concave towards the axis of X, and BM' convex. 

d*u 
When a < 1, M is negative, ^-i will be positive, the part 

Bm' convex, and B/» concave. 
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128. The curve given by the equation 

y = xlx, 

ia remarkable. Each value of x gives but a single value of y. 
For values of « > 1, y is positive; for values of « < 1, y is 
negative; and for small values of Xy decreases numerically and 
approaches the limit 0, which it reaches when a; = 0. Negative 
values of x give no values for y. The origin is then a point of the 
curve at which it is interrupted in its course, but does not tarn 
into a contrary one as at a cusp. Such points are called termi' 
naling points, 
T Tlie value a; = 1 gives y ~ 0; 

hence, the curve cuts the axis of X at 
a distance from the origin equal to 1. 
Differentiating the equation, we have 




*.<.+,, 



^ - 1 



dx' 



Placing ^+1=0, 



we have 



fe = - 1, 



or. 



1 1 

e 2,71. 



.— 1 



which corresponds to a minimum value of y, Art (VO). 

At the point B, -~ becomes equal to 1, and the tangenl 

makes an angle of 45° with the axis of X. Between the points 
A an<I B the curve is concave, and from the point B it is convex 
towards the axis of X, Art. (86). 



129. Let 



y = « •. 



Each value of x gives a single positive value of y. a: = oo 
gives y = 1. As x decreases, y decreases, until ar = gives 
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.y = 0. If X -be •negative and iofinitely small, y is infinitely grcat^ 

4md as X increases nnmer- 

icallj, y decreases, until ^ 

^ = — 00 gives y = 1. 

At the origin the cnrve is 

intcmipted, as in the pre- 

qeding article. 

Differentiating, we have 




dy 
dx 






d^y ^ e i(l — 2x) 
dx* "" ? ' 



dy 
For X =z Oj — becomes oo , and the axis of Y is an asymp- 
tote of the left-band branch of the curve. For a? = oo or — ,co , 

-7~ becomes 0, and the line OS at a distance from the axis of X 
dx 

equal to 1, is an asymptote to both branches. For all negative 

values of Xy -r-^ is positive, and the curve convex towards the 

axis of X« Also, for all positive values of a; < ^. For « = ), 

~l becomes 0, and is negative for all values of :r > '^. Ibe 

point M, whose abscissa is \^ is a point of inflexion, Art (119), 
and beyond this point the curve is concave towards the axis of X. 



130. Another singular point is given by the equation. 



jrb^lice 



y z^'h *\- m tan""' -, 

X 



-^9 ♦ -I 1 g 

-p = tan ' 1 . , . 

dx X X* + I 

12 
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Each value of x gives but a siDgle value for y. For values <tf s 

which are numerically equal, one positive and the other n^rativcy 

the corresponding values of y are 

equal ; hence, the curve la symmetrical 

with respect to the axis of Y, and 

a? = gives y = 6. 

dy 
For all positive values of j;, -^ is 

positive, and as a; is diminished to 0, 

dy . 

-T- mcreases to 

ax 




\dxj,^^ 



tan~* - = tan~' oo = -. 
2 



For negative values of or, --^ is negative, and increases nu- 
merically as « is thus decreased to 0, when we have 

(I)... =•»-(- 5)= •"-<--> = -'5- 



We thus have two branches terminating at the point M, not 
tangent to each other as at a cusp. This, which is but a particu- 
lar case of a multiple point, is called a salient point. 



131. The most remarkable transcendental curve is 



Teto Cycloid, 

which is generated by a point in the circumference of a cirele, 
when the circle is rolled in the same plane, along a griven 
straight line. 
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Let AB be the given line, and suppose the circle to have been 
placed upon it, so that the generating point was at A, and then 
to have been rolled to the position RMK 

The generating point now at M, has generated the arc AM. 




Take the origin of co-ordinates at A, and let AP 
PM = y and RE, the diameter of the generating circle = 
then 

AP = AR - PR (1). 



2r; 



But since every point of the circamference from M to R, as 
the circle was rolled, came in contact with AR, we have 



AR = arc MR = ver-sin-'RN = ver-sin~'y. 



Also, 



PR = MN = VRN X NE = V7(2r - y) = V^ry - y\ 
Sabstitating the values of AP, AR, and PR in (1), we have 



X = ver-sin"'y — y2ry -- y*. 
which is the equation of the Cycloid. 



(2). 



After the circle has been rolled over once, every point of the 
circumference will have been in contact with AB, and the gener- 
ating point will have arrived at B ; we have then 

AB = circumference of generating circle = 2irr, 



180 DIFFERENTIAL 0AL0ULU8. 

The given lino is called the base of the Cycloid, and the line 
CD = 2 r perpendicular to AB at its middle point, is the axk. 

If the rolling of the circle be continued beyond the point B, sn 
infinite number of arcs, each equal to ADB, will be genemted. 

Every negative value of y in equation (2) makes x imaginaiy; 
hence there is no point of the curve below the axis of X. 

y = 2r, gives x = ver-sin""'2r z= 9rr = AC, 

Every value of y > 2r makes x imaginary; hence the great- 
est ordinate of the curve is equal to the diameter of the genera- 
ting circle. For the points of each branch between D n!ad B, 
tiie essential sign of the radical must evidently be plus. 

By differentiating (2) we have, Art. (44), after introducing '4h» 
radius r, • 

dx = ^^y _ rrf y — ydy ^ 

V2ry — y* V'^ry — y* ' 



or reducing 



rf. = ^^L= (3). 

V2ry — y* 



which is the differential equation of the Cycloid. 



132. Substituting the preceding value of dx in the fcfmulas of 
article (85), and reducing, we have 

Sublanf^ent, PT = — - ^ — . 

V2ry — y* 



Tant^enf, WT = ^ ''^ 



V2ry - y« 



Subnormal, PR = 'v/2ry — y\ 
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Normal, MR = V^. 



Since the subDormal PR = V2ry — y* = MN, the diameter 
ER and normal MR intersect the base at the same point. Hence, 
lo oonBtnict the normal at a given point, join it with the point 
at which the corresponding position of the generating circle is 
tangent to the base. Or, upon the greatest ordinate CD as a 
diameter, describe a circle, and through the given point M draw 
a line parallel to the base ; from the point F in which it cuts the 
circle, draw the two chords CF and DF to the extremities of the 
diameter; a line through the given point parallel to CF will be 
the normal, and one parallel to DF the tangent 

If it be required to draw a tangent parallel (o a given line, as 
TYT", draw the chord DF parallel to the given line, from F draw 
FM parallel to the base; the point M is the point of contact, 
tbrough which draw a line parallel to T'T". 






133. From equation (3), article (131), we have 



dx ~ y " y 



(1), 



which becomes when y = 2r, and oo when y = ; hence, at 
the extremity of the greatest ordinate, the tangent is parallel to 
the base ; and at the points A, B, &c., where the curve meets the 
base, it is perpendicular. 

If we square both members of equation (1), we have 

^« _ 2r - 

dx- - y '• j 

« 

Differentiating both members of this, we have 

2dyd*y __ 2rrfy d*tf __ r 

dx' ■" ^' , ^' d^ " ' P* 
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This second differential coeflBcient being negative for all ralaet 
of y, the carve is concave towards the axis of X, Art (86). 



134. Substituting the values of dy and d^y in the ezpreanon 

_ jdx' + dy')i 
"■ dxd*y ' 



we obtain 



R = ^^ — ^, / = 2ir4y* = 2 \/2^; 



L' 



rrfx' 

or since V2ry is the expression for the normal, Art (132), the 
radius of curvature is equal to twice the normal at the point of 
osculation. 

If y = 0, R = 0; and if y = 2r, R = 4r; 

hence, the r^ius of curvature at A (see figure in next article) ia 
equal to 0; and at D is 4r; therefore, Art (HO), the aio 
A A' = 4r. 



135. To obtain the equation of the evolute, let us substitute the 
values of dy and d*y in equations (1) and (2) of article (111). 
• After reduction, we find 

y — i3 = 2y, a: — a = — 2 V2ry — y»; 

whence 

y =: - p, ap = «-2 V- 2rj3 - /3«. 
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These valuesi in the equation of the involute, Art (131), give 

a = ver«n-'(-- j3) + y/ ^ 2r/3 - jS* (1), 

for the required equation. 



If we produce DC to A', making 
CA' = DC, and then transfer the 
origin to A', the new axes being 
A'X' and A'D, and the new co- 
ordinates o! and )3', we shall have 
for any point, as M', 

AG = a, 

AT' = a', 
Knee AC = ttt, and CG = AT', 




GM' = - 3, 
P'M' = ff. 



a = Trr — a 



'. 



and since GP' = ^ r, 

GM' = 2r - j3', 



or 



- j3 = 2r - j3'. 



Substituting these values in (1), we have 



TTT — a' = verHain-*(2r - j3') + y/7,rff - ff\ 



whence 



a' = TTT - ver-sin-*(2r - /3') - y/lrff - j3'*; 

But Trr — ver-sin~''(2r — j3') = ver-sin""'i3'; hence, the last 
equation becomes 



a' = ver-sin-'/3' - y/^rff - /3'*, 
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which is the equation of the cvolute referred to the new axes, aod 

« 

is of the same form and contains the same constants as the equa- 
tion of the involute ; therefore the two curves are- equal. 

Since arc A A' = 4r, its equal AD = 4r, and ADB = 4.2r; 
that is, equal to four times the diameter of the gmurating circle* 



Polar Cubves. SpmALa^ 

136. In Analytical Geometry we have seen, that we may obtain 
the polar equation of any curve, given in terms of rectangular 
co-ordinates, by substituting for these co-ordinates their values, in 
terms of the polar co-ordinates, taken from the formulas 

a? = a 4- r cos V, .y = 6 + f sintf. . . .(1). 

Also, if we have the differential equation of the curve, or any 
expression containing the ditferentials of the variables, we at once 
pass to the corresponding ec]uation or expression in terms of polar 
co-ordinates and their ditferentials, by substituting for x and y the 
above expressions, and for dx and dy the expressions below, ob- 
tained by differentiating equations (1). 

dx = cosvefr — r sinvdVf 

dy ■=. sinvefr + rcosv(fv. 



137. If A right line be revolved uniformly, in the same plane, 
about one of its points, a second point of the line continually 
approaching, or receding from the fixed point, in accordance witJ^ 
some prescribed law, will generate a curve called a spiral. 
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The fixed point is called the pole or eye of the spiral. The 
portion of the spiral generated while the line makes one revolution, 
is called a spire; and since there is no limit 
to the number of revolutions, the number of 
ilpires is infinite, and any straight line drawn 
through the pole of the spiral will intersect it 
in an infinite number of points. For this 
reason, the relation between the ordinate and 
abscissa of a spiral cannot be expressed alge- 
braically, Art (11 V). 

The system of polar co-ordinates is generally used to determine 
the different points of a spiral, and its equation may be repre- 
sented by 




AT' 



in which r denotes the radius vector, and v the variable angle. 



138. Before discussing the particular spirals, it will be necessai^ 
to deterpiine general expressions for Uie subtangent, <S^c., and the 
differentials of the arc and area, in terms of polar co-ordinates. 

The subtangent, in such case, is the part of the perpendicular to 
the radius vector of the point of contact, intercepted between the 
pole and the point where the tangent meets this perpendicular. 
Thus, if A be the pole, and MT the tangent, AT perpendicular to 
AM is the subtangent. To find the expression for it, let the arc t 
receive the increment PP' (AP being 
= 1); describe MC with the radius 
AM = r; draw the chords MC and 
MM', and the line AT' parallel to MC, 
and produce MM' to T'. From the sim- 
ilar triangles MM'C and M'AT', we 
have 




M'C : MC :: AM' : AT'; 



_ UC X A M' 
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Also, from the similar sectors APP' and AMC, 
1 : PP' : : AM : arc MC; arc MC = AM x PP'. 

Now, suppose the increment PP' = rfr, then M'C = rfr, 
Art (88), M' becomes consecutive with M, the secant MT 
coincides with the tangent MT, AT = AT, AM' = AM = r, 
and chord MC = arc MC = rdv. 

Making these substitutions in (1), we have 

AT = tubtangent = -^— (2). 

From this we deduce 

^=^ = ^ = tanAMT. 
r AM dr 



The tangent MT = ^AM* + AT* = rjA+H^. 



The similar triangles AMT and AMR, give 

r* dr 
AT : r :: r : AR: AR = -^7= = -r- = subnormal. 

AT dv 

When M' is consecutive with M, MM'C may be regarded as a 
triangle, riglit>angled at C ; hence, 



MM' = Vm'C* + MC\ 
But MM' is the differential of the arc ; therefore 



dz = Vdr* + r*du\ 

If ADM be any segment, AMM' will be its increment when v 
is increased by dv. Calling the segment «, AMM' will then be ds^ 
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and may be measured bj the sector AMC. Bnt the area of the 
sector, 

AMC = ^AM X arcMC = -^; 
hence, 



ds = 



2 ' 



139. An equation from which the particular equations of most 
of the spirals may be deduced, by assigning particular values to a 
and n, is 



r = av\ 



If n be positive, v = will give r = 0, 

and the spirals represented by the equation have their origin at 
the pole. 

If n be negative, v = will give ^^=00, 

and the spirals have their origin at an infinite distance, continually 
approach the pole, and r becomes equal to only when v = a> . 



140. Let n = 1, then r = av, 

and if r' and v', r" and v", represent the co-ordinates of any two 
points of the spiral, we shall have 



rhence 



r' = av\ r" = av"; 



r' : r" :: v' : v". 



or the law in accordance with which the generating point must 
move is, that the radius vectors shall be proportional to the eorrt* 
spending angles. 
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The curve thus generated is the Spiral of Archimedea, 

If we take for the unit of distance, the length of the radios 

vector after one revolution; then r = 1, v = 27r, and the 

equation gives 

' 27r 

and the primitive equation becomes 

r = -— ; whence dr = -— , 

27r' 27r 

This spiral may be constructed by dividing a circumference into 
any number of equal parts, as 8, and the radius AB into the same 
number of equal parts. On the radius AC lay off one of these 

parts; on AD two, AE three, dec; on 
AB eight, then again on AC nine, &^ 
The distances thus laid off will be propor- 
tional to the angles BAC, BAD, <&c., and 
the curve through their extremities the 
required spiral. 

Substituting the values of r and dr ia 
equation (2), Art. (138), we have 

AT = suhtangent = — . 

If v = 2 TT, that is, if the tangent be drawn at the extremity 
of the arc generated in one revolution, we have 

AT = 2 TT = circumference of measuring circle. 

If v = m . 2 TT, or the tangent be drawn at the extremity of 
the arc generated in m revolutions, 

AT = m*.27r = m.2m7r; 
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that is, eqnal to m times the cireumferevce described with the radius 
vector of the point of contact. 
For the sabDormal we find 



AR = ? = ^. 

dv 2n 



141. If n =r ^, the general equation becomes 



— nn2 



•-r •=. av 



or 



r* = a*v. 



'This equation being of the same form as that of the parabola, 
the curve given by it is called the Parabolic Spiral. 

It may be constructed by first constructing 
the parabola whose equation is y* = a^x, 
and then laying off from P to B, C, D, ^c, 
along the circumference, any assumed ab- 
scissas, and from A to M, M', dbc, the corre- 
sponding ordinates; the points M, M', &c^ 
will be points of the spiral, since for each 
we have 




:r::y 



y» = a»x, 



or 



r' = o'v. 



The sabtaogent at any point is 



AT = 



2r' 



142. If 11 = — 1, r = ov' 



becomes 



r = ar""' = -, 



or 



rv ^:i Oj 



and the spiral thus given is called the Hyperbolic SpiraU 



190 



DIKFKR&HTIAL CALCULUS. 



If r' and v', r' and v'\ be the co-ordinates of any two poinli 
of the spiral, wo have r' = — , and r" = -77; whence 



1 1 

V If 



or the radius vectors are inversely proportional to the angles. 

If M be any point of the spiral, 

AM = r, MAP = V. 
The right-angled triangle MAP, 




gives 



MP 

r = -; — • 

sin V 



Substituting this value of r in the equation rv =: cl^ we find 



MP = a 



sin V 

V 



As v is diminished, this value approaches nearer to a, and 



since i ) =1, when v = 0, we have MP = a. 



If then, at a distance, AC = a, a line be drawn parallel to 
AP, it will continually approach the curve, and touch it at an 
infinite distance. 



The suhtangent AT = 



r^dv 
dr 



= — o. 



It is then constant, and equal to AC. Also, 



rdv 
"ST 



= tan AMT = 



- »; 
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that ifl, ike tangent of the angle made by the tangent and radius 
vector^ is equal to the arc which measures the angle made by the 
radius vector and fixed line. 

We may apply these properties to the construction of the canre 
hy points, thus : With A as 
a centre and * radius = a, 
descrihe a circle; join any 
point T with A, draw the 
indefinite radius vector AM 
perpendicular to AT. Make 
AD = arc PN; join D and 
N, and dra^ TM parallel to DN, M will be a point of ti^e 
carve ; for by the construction 

AD = tan AND = tan AMT = arc NP, 



143. The spiral represented by the equation 

V = log r, 
is called the Logarithmic Spiral, 
Differentiating, we find 

Mdr 



dv = , 

r 



whence 



rdv 
tan AMT = -=- = M; 

dr 



that is, the angle formed by the radius vector and tangent is con 
stanty and the tangent of this angle is equal to the modulus of the 
system of logarithms used. 

K the Naporian system be chosen, M = 1, and AMT = 46° 



\ 
\ 
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Sinco V 18 the logariUim of r, if it be increased nniformly, 
that the different arcs v, v\ v'\ &c^ shall be in arithmetical pro- 
gression, then r, r', r", Ac, mnst be in geometrical progression, 

and the curve may be constructed thus: 

With AO = 1 describe a circle, and divide 

^r- Jn ^^® circumference into any number of equal 

^,^^ri ; /* parts, and draw the lines AO, A/?, Ap\ 

\ / &c. The distances laid off on these lines 

/ 
\ y • are to be in geometrical progression, since 

the arcs 0/>, Op\ 0/>", &c^ increase by 

the constant difference Op, To find the ratio of this progression, 

let V = 0, then r = AO = 1. Now make v = the arc Ojp, 

and find the corresponding value of r in the system of logarith 

used, which lay off to m, then • 

-T-prr = the ratio. 
AU 

On Ap', Ap'\ Ac, lay off Am', Am", so that 

AO : Am : Am' : Am" : Am"' : Ac, 

m, m', m", Ac, will be points of the curve. 



Application of the Calculus to Surfaces. 

144. Since the equation of every surface expresses the relation 
between the co-ordinates of its points, it must contain three varia- 
bles, and may be generally written 

u = F{x,y,z) = (1); 

or since either two of these variables may be assumed at pleasure, 
and tlie remjiining one determined from the equation, the latter 
may be rcgarJtjd as a function of the other two, tlicy being en- 
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tirelf independent of each other, and the equation of the surface 
be thoB otherwise expressed, 



= /(-^,y).- 



..(2). 



^By the Bame couree of reasoning aa that in Art (79), it maj 
be proved that every {unction of two variables may be regarded 
as the ordinate of a sarface of which the variables are abscissas. 

Id the equation of every suriWcc conH'lered, z will be regarded, 
as a fynction of x and y ; and the co-ordinate planes will be taken 
at right angles to each other. 

The diSercntial equation of a snr&ce may then be obtained, 
either by differentiating equation (1), as in article {51), or by 
differentiating equation (2), aa in article (52). By the )&tt«r 
method, we obtain 



dz = -f-dx + 5-dy, 



" dx 



d^"^ 



,.(3). 



145. Let M be any point of 
a aurfsce, a portion of which is 
represented in the annexed fig- 
ure. The co-ordinates of this 

» = A6, y = Ae, 



Let a plane be passed through 
U, parallel to YZ. For every 
point of this plane, 

X = Ab = x". 



= MP. 




If, then, in the equation of the 

florfsce, we make x = x", and 

suppose s and y to vary, they can only belong to points in the 

curve diAd', the inteTsection of the plane and snrface. 
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In the same way,* if y = y", in the equation of the surfiuse, 
and z and x vary, we shall have the curve eMN. 

If X and y v&tj at the same time, and receive the increments 
bb' = h and cc' = it, we have 

MT' = «' = /(ar + A, y + *), * 

which may be developed as in Art (48). 

When X = «", equation (3), Art (144), gives 

equations which evidently belong only to the section d)Ad* par- 
allel to YZ. 

If y = y", the corresponding equations for the section par- 
allel to XZ are 

dz = ±dx=Tpdx, or ±=f (6). 

dz 
The value of -r-, equation (4), is the tangent of the angle 

which a tangent to the section d^d\ at any point, makes with 

the axis of Y, or with the plane XY ; and -j- , equation (5), 

the corresponding expression for the section eMN; and since these 
angles arc the same as those made by the curves, at the point of 
contact, with XY, they give' the inclination or %lope of the surface 
in the direction of these curves. 



146. If it be required to find the slope of the sur&ce at any 
point, as M, along the section MM' made by the plane MMTP', 
we take the equation of this plane, 

y = or + j3....(l), z indeterminate; 
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a bevBg the tangent of the angle made with the axis of X by the 

trace PP', and equal to -7- = 7. 

^ ^ dx h 

Now, in order that z shall represent only the ordinates of points 

in the section MM', the relation expressed in equation (1) must 

exist between the variables x and y, and we must have 

dy = adXj 

which, in equation (3) of article (144), gives 

dz z=z (jE> + ap')dx. 

vf/p/ MP 

The limit of the ratio =^, is evidently the tangent 

of the angle (S) which the tangent, and consequently the curve at 
the point M, makes with PP', or with the plane XY. 
But since 



"wehave 

M'F - MP _ g' - g 

PP' - A vr+~*' 

the limil of which is 

Vl + a» «« Vl + a« 

To find the direction in which the section MM' must be made, 
in order that the slope at a given point M, along the curve cut 
out, be greater than along any other, it is only necessary to obtain 
that value of a which will render the expression 

p + ap' 
Vl + a" 



c 



/{) 
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f 

a maximam, the values of p and p' being taken at the given point 
M. Differentiating the expression with reference to a, and placing 
the result equal to 0, we have 

'^ ^^ = 0; 



(1 + a«)i 
whence 

P 

This value of a substituted in equation (1), {fi being first deter- 
mined by the condition that the line PP' shall pass through P), 
will give an equation which, combined with that of the surface, 
will determine the line of greatest slope. 



, x ' 



Equations of Tangent Plane and Kobmal Line. 

147. The co-ordinates of a given point M, being «", y'\ and «", 
the equations of a^ tangent to the section parallel to XZ at this 
point, will be 

z -z"=-^,{x-z"), y = y"....(l); 

and to the section parallel to YZ, 

z - z" = ^,{y - y"), X = *"... .(2). 

Tlic equations of a plane passing through the same pointy 
Analyt. Geom^ Art (64), will be 

z - ^"= c{x^x") -f (f(y-y") (3). 
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The intersectioD of this plane by the plane through M parallel 
to XZ, will be represented bj 

r — z" = c(ar — ar"), y = y"; 

and the intersection by the plane parallel to YZ, by 

If the plane (3) is tangent to the surface at M, these lines 
should be tangent to the sections of the surface, and therefore 
identical with those represented by equations (1) and (2), and we 
most have 

"" "" dx"' "■ rfy"' 

and equation (3) becomes the equation of ike tangent plane^ 

'-'"=^£->i--n+^,iy-y") (4). 

To illustrate, take the equation of the ellipsoid 

ar« y» «« 

^ + r. + ? = '' 

from which, by differentiating, first with reference to x, and then 
with reference to y, and substituting z'\ x*\ and y", we obtain 

cfar" "^ a'/" dy" "" 6««"' 

These expressions in equation (4) give, after reduction, 

xx'* yy*' zz" 
a' 6' c* 
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yj r - J J 148. The equations of a straight line passing through the point 

"''■■" M, are 



V '■ 



ar - a?" = a(2 - «"), y -^ y" z= h{z ^ /'). 

This will become pcrpendicalar to the tangent piano, if we have 
the conditions, Analyt Geom^ Art (59), 

dz" dz" 

a = -c b=-d, or « = - _, 6 = _ _, 

and we thus deduce the equations of a normal line^ 

'-'•' = - %■•{' - n v-r = -^(z- z"). 

By substituting these expressions for x — «" and y — y" in 
the general expression 



D = V{x - x"y + (y - y'^y + (« - z'y, 

we obtain for the distance from any point of the nomud to the 
point of contact, 



If z = 0, 



- = -♦w5F(5y. 



for the distance from the point where the normal pierces the plane 
XY to the point of contact, the minus sign being omitted, as the 
numerical value only is required, z" divided by this distance, 
gives the sine of the angle which the normal makes with the plane 
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XY ; and this angle is the complement of the angle made bj the 
tangent plane with the plane XY ; hence, we have, denoting this 
angle by ft 

1 



cos 13 = 



/; 



' ^ m + 



\dy") 



Pabhal Differentials of a Surface and Volume. 



149. Let BMM' be any curve in space, and BTP' its projection 
on the co-ordinate plane XY. Let the plane of the curve MM' 
make an angle ^ with the plane 
XY, and let its intersection with 
that plane be taken for the axis 
of X. Then, if the ordinate of 
the curve be denoted by >, the 
ordinate of its projection by y', 
the area of the curve by «, and 
that of its projection by «', we 
have, Art. (92), 

ds =z ydx\ 

The right-angled triangle MPQ gives y* z= y cos /S ; hence, 

d8^ = co&Pydx = coB^dSf 

and the sum of all the values of ds' is equal to the sum of all the 
values of ds multiplied by cosjS. But the sum of all the values 
of ds' is the area «', Art. (88), and the sum of all the values of ds 
is the area s ; hence, 

S' = COS^S'y 




A* ^(Z 
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that is, the projection of any plane area is equai to the area mutti- 
ptud by the cosine of the angle included beltpeeit its plane and the 
plane of prmection, . , < - 

*r ■ , ■;... ,Y....7/.- ^- C4--: ', '. ;,^ 

;?•■.<*;"■-/'■.■ - / / 

160i \ov, let u deDotc the area of any aur&ce, ai ZfMrf, aod 
M any point of tlie surface, wfaoee co-ordinates are x, y, and z. 

Since the equation of the sur&ce givea 
z in terms of z and y, the area u is man- 
ifestly a function of x and y. Let x be 
increased by hb' ■= dx, y rcmainiog the 
same, the increment of the surface will be 
M(//'N, which will bo the partial differen- 
tial of u taken with respect to x ; that i* 




dti 
Mrf/N = ^dx. 



.(1). 



If now in this, y be increased by PQ' = dy, and x remain 
the same, tlie increnicnt MNM'N' will be die partial differential 
of (1) taken with respect to y ; ihaX is, 



The same result may be obtained by first increasing y and 
then X. 

The infinitely email area MNM'N' may be regarded as a plane 
area iu the tangent plane at M, and will, by the preceding article, 
bo equal to the area of its projection PQP'Q' = dxdy, divided 
by cos j3. ^ being the angle made by the tangent pisne with 
XY ; hence 









= .,.,/! + (*)•; (I)'.... Ar.(»8). 
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or 



... = ^., </, + (l)% (!)• „x 



in which it should be remembered that d*u is the partial differ- 
ential of the second order, obtained by dilSferentiating first with 
respect to one variable, and then with resoect to the other. 



151. Let V represent any volume limited by a surfisu^e, and the 
co-ordinate planes as A&Pc-MZ. It will be a function of x and y. 
If X and y be increased in succession by dx and dt/, as in the 
preceding article, we obtain first the increment volume 

66'QP-Nrf = ^dx, 

ax 

and for the increment of this, the volume 

PQFQ'-M'M = ^^d.dy. 

But this infinitely small volume does not differ from the par- 
allelopipedon whose base is PQP'Q' = dxdy^ and altitude 
MP = z; hence 

d^v 

dxdy = zdxdy^ or d^v = zdxdy,.,.{\)\ 

in which d*v is a partial differential. 



152. One surface is osculatory to another, when it has with it 
a more intimate contact than any other surfiEU)e of the same kind ; 
and the conditions which must exist in order that a surface, given 
in kind only, shall be osculatory to a given surface at a given 
point, can be determined by a method similar to that pursued iu 
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article (95). But from the nature of the case, these conditiont 
are more numerous and complicated, and their determinatiozi 
more difficult; so much so as to render osculatory surfaces of 
little use in the measure of curvature ; hene^ another method has 
been devised which will now be explained. 



Let M be any point of a surface, at which it is proposed to ex- 
amine the curvature. Let this point be taken as the origin of 

co-ordinates, and let the normal at 
this point be the axis of Z, the axes 
of X and Y having any position in 
the tangent plane XMY. The equa- 
tion of the surface. Art. (144), will be 







« = /(*. y) 



(1). 



Through the normal let any plane 
ZMX', making an angle 9 with the 
plane ZX, be passed ; it will cut from the surface a curve MO. 
For any point of this curve, as O, denoting the abscissa MX' by 
v\ we shall have 



X = X cos 9, 



y = ar' sin- 9 



(2). 



and these values, substituted in equation (1), will evidently give 
the equation of the curve referred to the two axes MZ and MX'. 
Now, by varying the angle 9, all the normal sections at the point 
M may be obtained, and by examining the curvatures of these 
different sections at the given point, an accurate idea of the curva- 
ture of the surface may be formed. 



Differentiating equations (2), we have 



dx = dx' cos 9, 



dy = (fa;' sin 9 



(3). 



The general expression for the radius of curvature of one of th^ 
normal sections, Art. (106), is 
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« = ^ JdJ w- I v| 



Differentiating equation (3), Art (144), we ha^, Art (53), 






)?t 






x^ ^ -'^ 



Substituting the above values of dx and dy in equation (3), ^ -^ < 

Art (144), and in (6), we have • : \ 

dz = {p cos 9 + />' sin 9) rfx' (6), v 

d^z = (^008*9 + 2^'cos(p8in9 + /'sin'^)^^^'*. . .(6'); «< 

p and />' representing the partial differential coefficients of the /.;^ 

first, and q^ q\ and q" those of the second order of the function z, ~ - ^ r 
If these values of dz and d^z be substituted in expression (4), ^ 

we shall have the expression for the radius of curvature of any one ;; 

of the normal sections. But as we only desire this for the point '^ ^ 

M, we may first substitute the co-ordinates of this point, which are ^ " ' ' 



/ : t 



«" = 0, y" = 0, 2" = 0; 

and since the normal at this point coincides with the axis of Z, we 
must also have, Ar^ (148), 

dz'' dz*' 

5i^ = ^' djr = ^' ^' ;> = 0, 2>' = 0. 

Substituting these values in equations (6) and (6'), and the re- 
sults in equation (4), we obtain 

^ COS 9 + 2^ cos^smcp -j- 5^ sm*(p 
in which ^, q\ and q** are what the partial differential coefficients 
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of the second order of the function z become, vhen is substituted 
for x, y, and z. 

Dividing by co8'(p, and recollecting that — ^ = 1 + tan* 9, 

this value nnay be put under the form 

q -f 25''tan(p + /'tan»(p ^ '' 

We have^taken the positive value of R, Art. (106), since, as the 
surface is represented in the figure, the sections are above the axis 

of X', and convex towards it ; -7-75 must therefore be positive, 

Art (86), and the value of R positive, as it should be when laid 

off from M above the plane XY. If the section at the point M 

lies below the plane XY, it must still be convex towards this tan- 

d*z 
gent plane; -TTi ^i^^ ^^ negative, and R negative, and must 

tlierefore be laid off from M below XY. 

By assigning all values to (p from to 860® in equation (8), we 
shall obtain a value of R for each normal section. Among these 
values there must be one which is greater, and another which is 
less than all the others. The values of 9 which will give these 
principal values of R, will be obtained as in Art. (69). 

Differentiating equation (8), we have 



dK __ 2(y^tan'(p + (y — g'')tan(p — 
tan(p "~* (^ -f 2^' tan 9 4- /'tan'q))' 



iu?l 

d tan 9 



If the denominator be placed equal to 0, we shall obtain values 
of the tan 9 which, when real, will reduce the value of R to in- 
finity. The curvature of the corresponding section will then be 
zero, and the section itself a right line, or the point M a singular 
point, x\rt. (118), cases which do not occur in all surfaces. Let us 
then place the numerator equal to ; we thus have 



c/// 



I «. 









/ 



.>• >* 






I 



/f 



taii'(p + i ~-tan(p — 1=0 



(9). 



•' 
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This being cither of the first or second form of equations of the 
second degree, the roots will always be real, and their product 
equal to — 1, that is, denoting them by tan cp' and tan ^", 

tan 9' tan (p" +1=0; 

hence, the noimal planes in which the greatest and least radii of 
curvature are found, must be perpendicular to each other. The 
sections by these planes are called principal sections, and their 
exact position will be determined by solving equation (9). 

The values of tan 9' and tan 9" being determined, and the 
traces of the normal planes con- 
structed as in the figure ; let us 
take MX" as a new axis of X, 
and MY" as a new axis of Y, 
and suppose the surface to be x^ m 

referred to them, with MZ as an 
axis of Z. Then we must have 
for these new axes, 

tan 9' = 0, tan 9" = 00 , tan 9' + tan 9" = 00 , 

which requires in equation (9), that q' = 0. Substituting this 
▼alue of q' in equation (7), we have 




R = 



q 008*9 + ^"sin'9 



(10). 



Substituting in this the values of 9, corresponding to the maxi- 
mum and minimum radii as above determined, viz^ 9 = and 
9 = 90®, and dc^ioting the values of the principal radii thus 
determined by R' and R", we have 
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and finally, from equation (10), 

^ = gcos*(p + ^"Bm*9 = ^cos*(p + gr>»>» 

which expresses the reciprocal of the radios of curvature of any 
normal section, in terms of the principal radii and the angle 9. 

If R' and R'' are both positive, all values of R will be positiye, 
and the greatest of the two will be a maximum, and the least a 
minimum; and all the normal sections at the point M will lie 
above the plane XY. 

If R' and R" are both negative, the sections will lie below XY. 
If one is positive and the other negative, a part of the values of R 
will be positive and a part negative, and a part of the sections will 
be above and a part below the piano XY ; and this plane will cut 
the surface at the point M, giving a point analogous to the point 
of inflexion. Art (92). 

If R' = R", all the values of R become equal to R' or R", 
and the curvature of all the sections will be the same ; as at any 
point of a sphere, or at the vertex of a surface of revolution. 



153. If R'" be a value of R, in any section perpendicular to 
the one which makes the angle 9, we may obtain its reciprocal by 

substituting in the last expression for r^, 90^ +9 for 9; 

R 

and since 

sin (90° 4-9) = cos 9, cos (90° + 9) = — sin 9, 

this expression will become 

1 1 • 1 _i_ ^ t 



R'" R' ^ ■ R' 
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Adding this to the expression for -^^ member to member, 



we have 



R ^ R"' "■ R' ^ R"' 



that is, Art. (105), the sum of (he cuntatures of any two normal 
iectidns'at the same pohU, which are perpendicular to each other, is 
constant^ and equal to the sum of the curvatures of the principal 
seetioni. 



WAMf -III 



INTEGRAL CALCULUS, 



F1B8T PBIN01P1.E8. 

154. Wb have seen that the som of all the values of a differen- 
tial is the function from which it is derived, Art. (88). By what- 
ever process this function may be obtained from its differential, it 
amounts to the summation of ike infinite number of its elements, or 
infinitely small values of the differential. This process is called 
integration, and its symbol is J\ which 'always indicates an oper- 
ation the reverse of differentiation ; thus 

fdu = u. 

The object of the Integral Calculus is to explain how to pass 
from differentials to the functions from which they may be de- 
rived ; or in any particular case, to find an expression which, if it 
be differentiated, will produce the given differential. 

This expression is called the integral of the differential. 



156. We have found, article (17), dKu = A</u; therefore 
fkdu = fdku = Au = Kfdu. 
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From which we see that a eoMtant factor may be placed with-^ 
out the sign of integration, without affecting the value of the in- 
tegral; thus, 

n{a -««)(£«= bf{a - a?,)*r, y*^ _ l/«»<&. 

Also, in article (20),, we have 

d{u + V do Ac.) = rfu + rf» dr 4r>.; 
hence 
f{du + rfv ± Ac.) =/rf(u + V db Ac) = w + » dr Ac 

= /rfu + fdv ± Ac; 

that is, the integral of the sum or difference of any mmher of dif» 
ferentials^ is equal to the sum or difference of their respeeUve mle- 
grals. 

Also, in article (16), we have 

d{u + C) = du, 

no matter what the value of the constant C may be ; hence an 
infinite number of expressions differing from each other in a con- 
stant term, when differentiated will produce the same differential. 
For this reason, to complete the integral immediately found^ we add 
a constant ; thvs, 

fdu = tt + a 
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Intbqration of Monomial Differentials. 
166. By article (24), we have 

and from thisi 



€X ax = _ sz cd 



• 



m + 1 m + 1' 

hence 

Therefore, to obtain the integral of a monomial differential: 
Multiply the . variable^ with its primitive exponent increased by 
imtty, by the constant factor^ if there is one^ and divide the result 
by the new exponent, 



Examples. 



«» 



1. K rftt = xdx^ fdu = fxdx = — + C. / 



2. If du = , fdu = -/«•(/« = — - + a 

C C 4v 



a 6«* 3to* ^ 

8, If rfu = bx^dx, « = -— = -— + a 



4. If <ft« = , tt = -; r + O. 

e ,«(ii ■— m) 
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^ -^ , adx . Sx''^dx e*x*dz 
5. If du = —^ + — , 

Vx o e 



' /•a^ar /*Sx ^dx /*c*x*dx j,^ ,.^^\ 
" =77^ -^J—b y—^.... Art (155). 

The application of the above rule does not give the proper 
integral when m = « 1, as in this case we have 

jr-»+» 1 

whereas 

fx-'dx = f— = & + C Art (37). 

I 

expressed in algebraic terms, Art (5). 

If du = l^, 

b X 



a pdx 
u 



a pax a . ^ 

bJ X b ^ ' 



or tt = log « 4- C, 

the logarithm being taken in the system whose modolas is •?, 



157. If we have an expression of the form 

du = (a + 6jr + ex* + &c)*irVar, 
in which m is a positive whole number, the integral may be found 
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by raiung the quantity within the parenthesis to the mth power, 
multiplying each tenn by x^dx^ and then integrating it as in the 
preceding article. 



Eicarnples. 
1, Let du =z {a + x^x^dx^ 

du = (o* + 2ax* + x^)x*dx; 
then 

u = /{a*x*dx + 2ax*dx + x^dx) = -f. + -1=- + — + C. 

4 6 8 . 



» ' _. f'- 



/ 



-y 



2. Let rfu = (6 — x^yx^dx, // • -i u '> - : * • ^- 

8. Let <{tt = (6 — er^)*a;~idk. 



,■ 1 



ISTBOBATION OF BiNOMIAL DlFFEBENlIALB OF PaBTICUULB 

FOBMS. 

168* Many expressions, by the introduction of an auxiliary 
variable, may be transformed into monomials, and then integrated 
as in the preceding article. -^ 

1 Let du = (a + 6a;»)-c'a;*-'(te. 

Place a + 6a:* = z, 

then 

nbx'^-^dx = dz. «•""'<£« = — . 

' on 
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Sabstitating in the gircn expression, and integrating^ we hafe 

and replacing the Talae of z, we have, finally, 

(m + l)n6 ^ ^* 

tliat is, to integrate a binomial differential when the exponent of 
the variable without the parenthesis is one less than that within : 
Multiply th$ binomial^ with its primitive exponent increased by 
iinityy by the constant factor, if there is one ; then diinde this result 
by the product of the new exponent, the coefficient^ and the exponent 
qf the variable within the parenthesis. 



Essamples. 



1, If du = {a + bz*)hxdx, u = ^^\\^'^ + C. 



y.6.2 



2. If du = {2'-Bx^)'^3x^dx, u = - |(2 -»«»)* + a 

3. If du^ia^bxirh-idx, u = iili:^t+c. 



4. Let rfu = a(6 — «?•) tz •"^dtL 

* " /.' • ^ ■■..•» ' ^- 

' -J -. ■ 

' ■ ' •; 

ax*'~^dx 
11. Let du = •= -• 

6 ± «• 
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Place 5 ± »* = 2j; 

then 

dte 
db nx^''^dx = dz. «*""'rf« = ± — , 

and 

tt = d= /— = ± -fo = ± ?/(6 ± «•) + C. 
•/ nz n n 

In the same way, we may find the int^rals of the following 
expressions : 

l.Let rf„ = !!il*+i^. 

a + te + caj* 

Place a + fca: + cj?' = «, then (h + 2ex)dx = cfe, 

— = mfo = ml(a + bx + ex*) + C. 



2. If du = -1^, tt = - 2/(a - y) + C. 

^ T* J (2 + 2x)dx ,. .V . /^ 



2«'(fz 
4. Let du z= ' 



1 gi 

Since, in general, ^^ z - ^ ^ • y 

— = «/«, 

we see that in all cases where the numerator of an expression is 
the product of a constant and the di£ferential of the denominator, 
Us integral wUl he the product of the constant and the Naperian 
logarithm of the denominator. 



/' 
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169. Every cxpresdon of the form 

du = Ax^{a + bx)*dXf 

can be integrated, when either m orn is a pofiitive whole number. 

If n be positive and entire, we may integrate as in article (157). 

If m be positive and entire, n being either fractional or negative, 
place 

a + bx =z tj then x = — r — , 

o 



*• = t/(V^)"*"*' 



which may be integrated as in article (157). The value of e being 
then replaced, the integral will be expressed in terms of x. 



Examplea. 
1. Let du = hx^{a ^ xydx. 

Place a — « = «, then x :=z a -- z^ dx =: ^ dg^ 

« = /- 6(« _ zYzidz = - ?6a..* + |6«* - Hfe*. 
and finally, by replacing the value of Zj 

w = - §6tt«(a - x)^ + jba(a - «)* - ^b{a - a?)* + C 
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2. If ' rf„ = _2^ax__ 

(1 - 8*)* 

it may be placed nnder the fonn 

du = 2x(l — Sxyidx; whence « = — r/(l — e)e~idt, 
and finally, 

« = - 1(1 - 3«)* + ^(1 - 8*)* + C. 

* 

3. Let rfu = - -i^^. 4. Let du = ^^^ ' . 

^ ■" * (3 - 2y)i 

T^ . ( Aa;* + Bar' + Car* + Ac.) , 

we may place it under the fonn 

. Ax^dx Bx'dx . . 

(ax + 0)* (ax + 6)* 

and may then integrate each fraction as above, if m, />, ^, &c^ are 
entire and positive. « . 

UsB OF THE AbBITBAST CONOTAOT. IhTEOBATIOH BErWBBir ^ 

Lncrrs. 

160. To complete each integral as.determined by the preceding 
roles, we have added a constant quantity C. If^ in the particular 
case nnder consideration, we happen to know' what the integral 
must be for a particular value of the variable, this constant can be 
determined. Thus, if 
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/Xcte = X'+ C (1), 

X' representing the function of rr, obtained at once by the applica- 
tion of the rales for integration, and we know the intend must 
redace to N when j; = a, we have 

N = X'... + C, C = N - X'.... 

In general, however, this constant is entirely arbitrary, anee 
wnatever value be assigned to it, it will disappear by differentia- 
tion, Art. (16). This arbitrary nature of the constant enables us 
to cause the integral to fulfil any reasonable condition. Thus i^ 
in equation (1), it be required that the integral reduce to the par- 
ticular expression M, when j; = a ; we may determine the value 
which must be assigned to C, by writing M for J*Xdx, and sub- 
stituting a for z in the function X'. Galling the result of this 
substitution A, the equation reduces to 

M = A -I- C; whence C = M — A, 
and 

fXdx = X' -i- M - A (2), 

which will fulfil the required condition. 

If M = 0, C = - A and /Xdx = X' - A. 

The integral /Xdx = X' -f- C, before any particular value 
has been assigned to C, is called a complete^ or indefinite integral, 
and expresses the indefinite sum otall the values of the differential. 
After a particular value has been assigned to 0, as in equation (2), 
it is called a particular integral, and expresses the sum of all values 
of the differential, commencing at the origin of the integral, that is, 
at that particular value of the integral which is 0. If, in this par- 
ticular integral, a particular value be given to x, the result is called 
u dvfiuite inteyial. We should thus have, when or = 6, 
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f^dx = B + M - A (3), 

B representmg X',.»; and this expresses the definite sum of 
all values of the differential, from the valae at the origin to that 
. which corresponds to a; = 6. 

That value of the variable which causes the integral to reduce 
to' 0, a«ld belongs to the origin, is always found by placing the 
particular integral equal to 0, and solving the resulting equation. 

If in (1) we make x = a^ and then x =z b, we have 

/(Xrf«)._. = A + G, /{Xdx)._, = B + C, 
whence, by subtraction, 

/{Xdx)._t - /(Xdx).., == B - A. 

This is thi integral taken between the limits a and b, and is 
usually written 

/*Xdx = B - A, 

the limit corresponding to the subtractive integral being placed 
below. This expresses the definite sum of all values of the differ- 
ential, between those which correspond to x = a and x = b. 

This integral between limits may always be obtained from either 
the complete or particular integral, by substituting, in succession, 
those values of the variable which indicate the limits, and sub- 
tracting the results. 

If a, 6, c........Jt, /, be several increasing values of x^ and we have 

f^^dx = A', /'Xefir = B\ ^... J*' Xdx = K'; 
then evidently 

f'^dx = A' -h B' *+ C + K'. 
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Example, 

%» a complete or indefinite integral. 

If it be required that this reduce to 4, when « = 1, we have 

4 = 2 + C, C = 2, 

and 

/Qx^dx = 2x* + 2, 

the particular integral. 
For the integral between the limits x = and x = 3| 

/{6x'dx),J= 2, /(6««rf«).^, = 66; 

hence, f Qx^dx = 64. 

The value of x corresponding to the origin of the particular 
integral, is obtained by placing 

2sr' -f 2 = 0; whence «" = —!, « = — 1. 



Integration of the Differentials of the Simple 
Circular Functions, and of Circular Arcs. 

161. By a reference to article (43), we see that 

1. /cosxdx = sinar. 2. y*— sinxdx = cos*. 

3. f&mxdx = ver-sinar. 4. / — r— = tan*. 

•^ •/ cos'* 

/dx 
— :— ~ = cotar. 6. J*tAnx,secxdx = secar, Ac. 

sin* J? "^ 



INTBGBAL CALCULUS. 231 

and from these we readilj derive the integrals of the expres- 
sions, 

7. /2x coBX*dx =: /cmx*.^xdx = sin a?*. 



/•l.l- /• . I dx 1 

8. / — -^sin-aa: = / — sin-.— y = — cos-. 



9. / 57 rr = / — Jt jT = tan (a — af»). 

J cos'(a — ar*) •/ cos'(a — «•) ^ ' 

These integrals will be completed by adding to each a constant 
Hereafter, as in these examples, this constant will be understood, 
and written only when it is necessary for the discussion of the 
integral. 



162. By a reference to article (44), we see that 

1. f— - = sin"*tt. 2. f—r==z = cos""*tt. 



S. / , — = ver-«in""'tt. 4. /; — ; — ; = tan~'u. 



And from these we derive the integrals of the similar expressions, 

du u 

5. r-=M= =/-7X= = /-J= = sin-- 



/• Zdx « /• ^* o • 1 * 

6. / , = 3/ — = asm-'— r 
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_ du 
^ /* — du /• a _.« 



/TTl 









/• au /•a . _i» 

K / — ^ = / — ■= 7er-«n-'-. 

r2- - -7 






-•40; — 2x« \/2*^ V2x — «» V^ 



7cr-sin~'«. 



/* du /• 

12 



T-'x — ; = / i = "/ i = -tan" -• 

a' a' 



^^ p Idx 1 f dx 2 ^ _, Jr 

13- / ;; — ; — ir-\ = « / ;; = — ;= tan * — -. 

y 2 4- 3ir» 3/ 2 ^ ^. -/O J\ 

3 '^ 3 
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Intbgbation of Rational Fbaotioks. 

163. Every rational fraction ivhich ia ibe differential of a func- 
tion of ar, will appear as a particular case of the general form 

( Aa?- -f Bar*-' -f Oe*-' + Ac.)dx 
A'ar* + B'«— ' + C'x— « + Ac. ' 

in which m and n are whole numbers, and positive. 

If m be greater than n, the numerator may be divided by the 
denominator, and the division continued until the greatest expo- 
nent of X in the remainder is, at least, one less than in the denom- 
inator; the quotient . will then consist of an entire and rational 
part, plus the remainder divided by the denominator, and may be 
written 

A'ar- + B'x'^' + Ac. "~ ■*■ A'x* + B'«— » + Ac. ' 

and the int^ral of the primitive fraction will be the sum of the 
integrals of the two parts. 

It will be necessary, then, to explain only the manner of inte- 
grating the second part, or those rational fractions in which the 
greatest exponent of the variable in the numerator is at least one 
less than in the denominator. 

first, suppose the denominator to be divided into its simple 
factors of th^ first degree, and let them be represented by 

« — a, ar — 6, x — e^ Ac. 
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There will bo four different cases, each of which will reqaire a 
separate discussion. 

I. WTien the factors are real and unequal ; i 

II. When they are real and equal; 

III. When they are imayinary^ and no two alike; 

IV. When they are imaginary and alike^ two and two, 

164. I. As an example of the first case, let us take the fractioD 

(ax -^ c)dx 

The two factors of the denominator are x + b and x — b\ 
then 

{ax -^ e)dx __ {ax + e)dx 
X* - 6* - (x 4- b){x - by 

Place 

ax -{- c A A' 

X* - 6* " X -f 6 ■*■ ar - 6 ^^^' 

A and A' being constants to be determined. For the purpose of 
determining them, clear the equation of its denominators ; then 

az -f c = Ax - A6 -f A'x + A'b. 

Since this is true for all values of x, by the principle of indeter- 
iiiinato coefficients we may place the coefficients of the like powers 
of JT, in the two members, equal to each other, and have 

a = A + A', c = A'6 - A6, 

.__a6 — c ab + c 
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Substituting these values in (1), multiplying by dx^ and prefix- 
ing the sign yj we have 

• 

/(ax -^ c)dx ^ ah — c /• dx • ^^ + ^ /• ^ 
a:' — 6« — 26 J x -f 6 "^ 26 t/ ar — 6 

If there be n Motors in the denominator of the given expression, 
there should be n corresponding fractions of the above form ; and 
these, when reduced to a common denominator with the first 
member, will give an identical equation, containing n difierent 
powers of the variable (including the zero power), from which, as 
above, n equations may be formed and the values of the n numer< 
ators be determined. 

The method pursued above indicates the following rule for all 
similar expressions : 

Place the primitive fraction {omitting the differential of the vari- 
able) equal to the sum of as many partial fractions as there are 
factors of the first degree in its denominator ; the numerators of 
these fractions being constants to be determined , and the denominators 
the several factors of the original denominator ; clear the resulting 
equation of denominators^ equate the coefficients of the like powers 
of the variable in the two members, and thence determine the con- 
stants ; then multiply each partial fraction by the differential of 
the variable, and take the sum of their integrals as in case II., 
article (158). 

2. Integrate the expression 



X* - X 



The factors of the denominator are, x -\- I, rr - 1, and x; 

hen 

15 
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8a?« - 1 _ A A^ a;; 

Clearing of denominators, 

3«« - 1 = A«« - A« + A'ar« + A'ar + A'V - A"; 
whence 
3 = A + A' + A", = - A + A', 1 = A" 

A = 1 = A' = A", 
and 

/-^^^^ =/rTT +/7^ +/t 

= l{x + X) + /(ar - 1) + & = /(x* - x), 

as may be seen at once, since the numerator of the g^ven differen- 
tial is the exact differential of the denominator. 

3. Integrate the expression 



yt - 2y - 2' 
Placing the denominator equal to 0, we have 

y» - 2y — 2 = 0; 

whence y = 1 d: \/3, and the corresponding fiustors are 

y — (1 + V^), y — (1 — V^), or y -- m and y — ». 

Finally, 
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-i J \ = Uv'-m) Uy-^n). 



4. Integrate 



(2a? + S)dx 
ar» — x* — 2«* 



Intq^nte , 

*» - 4 • 

166. IL In the second case it may be remarked, that if all the 
iactors of the denominator are equal, the fraction will take the 
form ^ 



{X - a) 



dx^ 



which may be integrated as in article (159). 

We need, then, only consider the case where a portion of the 
(actors are eqnal. The rule of the preceding article is not appli- 
cable here, as will be seen by taking the expression 

adx 



(*-6)'(,-c)' 

in which two of the &ctors are equal to « — 6. 

By an application of the rule referred to, we should have 

a A , A' , A" 

+ r + 



{x — hY{x — c) « — 6 X — 6 « — c 



A + A' A" B . A" 
+ :: : = " r + 



a? — 6 x — c X — h « — c* 

uDce A + A' must be regarded as a single constant 
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If {his equation be cleared of denominators, and the coefficienta 
of the like powers of x in the two members placed equal to each 
other, we shall evidently form three independent equations, with 
only two unknown quantities, B and A". 

We obviate this difficulty by writing, for the equal &ctors, the 

two fractions rr-. r » and thus have 

(x — by « — b 



a B , B' , A 

1 + A + 



(a: — 6)*(a; — c) {x — by ' x - b ' x - e' 

which, being cleared of denominators, gives 

a = B(ir - c) + B'{x - 6) (x - c) + A(x - by; 
whence ^ 

B' + A = 0, B - B'« - B'& - 2A6 = 0, 

B'bc ~ Be + A6« = a, 

three equations with three unknown quantities, which can then be 
determined. 

And in general, if there be n equal factors, we should write n 
partial fractions in the form 

B B' B'»-'f 

(a; - by "^ (X -.by-' "^ i - 6' 

the numerators of which are constants, and the denominators the 
different powers of the equal factor, from the nth down to the first 
power. After B, B', <fec., are determined, each partial fraction, 
l>eing first multiplied by the differential of the variable, will be 
Integrated as in article (158). 
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ExafnpUs. 



1. Int^r&te 


(* 




-2)- 










Place 
















2 + « 




B 


+ J 


B' 

- 1 


+ J 


A 




(*-!)•(*- 


2) - 


2 



Clearing of denominators, and equating the coeflScients of the 
like powers of x^ we have 

= B' + A, 1 = B-3B'-2A, 2 = — 2B-f 2B'-f A, 

B = - 3, B' = - 4, A = 4; 

and finally 



_ xdx 

2. Integrate 



«• — a:* — « + 1 



If there are different sets of equal factors, partial fractions must 
be written for each set; thus, 

2 A , A' , B . B' 



(ar-l)«(ar + l)« (^-1)* a: - 1 ' (ar+l)«^ar + r 

166. III. We know, from the general theory of equations, that 
imaginary roots are found only in pairs, and that for each pair wc 
most have a &ctor of the second degree, which, placed equal to 0, 
will give the imaginary roots. Each pair of roots will alwa}s 
appear as a particular case of the general form 
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« = a db v^TT* (1), 

and the corresponding factor of the second degree will be 

«» - 2aa? + a* + *• = [« - (a + V^^)] [*-(«- V^^^^^)]- 

By a comparison of the imaginary &ctors, in any given case, 
with these general expressions, we determine the corresponding 
▼aloes of a and b. Thus, if the factor of the second d^pree be 

ayi — 2aj + 6, 

we place it equal to 0, and find the two roots 

J ar = 1 db V^^; 

y whence, by comparison, a=l, 5' = 4, 6 = 2. 

Now, in the third case, for each pair of imaginary factors, let a 
partial fraction be written, of the form 

Mir + N Mar + N 



«• - 2ar + a* + 6« {x — a)« + 6*' 

By clearing of denominators, &c., as in the preceding articles, 
M and N may be determined. We shall have then to integrate 
the expression 

(Mr + N)(fa? 
(;r « ay + b'' 

For this pnrpose, make x •— a = z^ then x z= z + cu 
dx = dz. 

Snbstitating these, the original expression becomes 



z^ + &• ''''' 
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or, by makiDg Ma + N = P, and dividing the expression 
into two parts, 

mdz Fdz 



«• + 6» ■•" «• + 6«' 

The first part may be integrated as in case IL, Art (158). 
Thus, 

The integral of the second part is 

dz P 



^/?T^= 6^''i ^^''^y^ 



or, by substituting the values of P and z^ 

Fdz N + Ma 



y ^« + 6« " 6 ^"^ \ b J' 



and finally, 



/f^^5^ = "'VF^WTT. 



, N + Ma^ _i(« — o) ,«v 

+ 1 ^ ' ^ / (2). 



Take the particular example 

(« — 1 ) rfiC 



X* + X* + 2x* 



The factors of the denominator are x and a;* + ^ + 2, the 
latter being the product of the two factors corresponding to the 
imaginary roots 
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* " 2 *^ 4' 



ifhich, compared with (1), give «= — ;J, ^' = t ^=i ^' 

PUco 

ar — 1 _ A Mj? + N 

«' + ^' + 2i ""a? «' + « + 2" 

_ • 

GeariDg of denomiDatore, dco, we find 

A - - 2, " - 2' " - 2* 

Sabstituting these values of M, N, a, and 6, in formula (2), 

/• Arfx /* \dx 1 , , 

observing that / = / — - — = — -te, and re- 

ducing, we have 

y *• + «• + 2* 2 2 



6 ...-./'* + 4 



+ ;= tan 



my 



2 V? V j^ >/7 

167. rV. In the fourth case, where there are several imaginary 
factors, alike 4 wo and two, those of each pair multiplied together 
will give the same factor of the second degree ; and if there be p 
such pairs, the denominator will contain a fisLctor of the form 

(x* — 2aa; + a« + 6«)>. 

For this, we write p partial fractions ; thus, 

_ Mj; + N _ _Wx -h_N^ W^-'^'x + Nt^-^^' 
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Clearing of denominators, Ac, the values of M, N, M', N', &c^ 
may be determined as before ; and since the several partial frac- 
tions, after multiplying by dxy are all of the same form, we have 
only to explain the mode of integrating any one of them, except 
the last, which is to be integrated as in the preceding article. 
Take the first, 

(Mar-h N)rfa; 

and make x — a =z z; the fraction then becomes 

(Mg -hMa -h N)rfg 

or, placing Ma + N = P, 

Mzdz Tdz 



(z* + b*y ^ (2« 4- b*y' 

The first part is integrated as in case I., Art (158), Thus, 

Jiz^ + b'y'^ (-i> + i)2 "" 2(1 -^)(2«4- b*y-'' 

By means of a formula hereafter to be determined [Formula D, 
Art (181)], we shall find 

then 
/.(^+P)& ^ M + .(,) + ^tan-? 

J (g' + b'y 2(1 - p){z* + b*y-'^^^'' ^ b^ b' 

after which, substituting the value of z, we shall obtain t£e con»- 
plete integral of the primitive expression. 
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168. By a review of the preceding discosBioii, it will be Bee& 
that all differentialB which are rational fractions can be int^prated, 
provided the factors of the denominator can be discovered; and 
that the integrals will depend upon one or more of the four forms, 



/ 



Integbation bt Pabts. 



169. In article (21), we have found 

duv = udv -h vdu ; whence uv = fudv + fvdti^ 

and . fudv = u» — fvdu (1) ; 

from which we see that the integral of udv can be obtained, when- 
ever we are able to integrate vdu. This method of integrating 
udv is called inteif ration by parts. To apply it to a particular 
example, divide the given differential into two factors, one of which 
shall contain the differential of the variable, and be capable of im- 
mediate integration ; substitute this factor for dv^ its integral for v» 
and the other factor for u, in formula (1). 



Eacamples, 

1. Integrate the expression x^dx Va — »\ 
This may be divided into the two factors, 

«' and xdx Va — «*. 
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Place «• = u and »dx Va — x* = rfv ; 
then 

du = 2xdz^ V = /«te Va — a?' = — ^ 5 — ^. 

SubetitatiDg these in formula (1), we have 

/tirfv = ^— ^ ^ +y i^ —L^2xdx; 

and finally, 

/x^dxVa — «• = ^^— '- T7(« — * r 

3 lo 



2. Int^rrate ^ ^ . 



PUce (1 — x*y = tt, and — y = dv; 



dx 

X 

then 



y-i-A- = - 



8. Int^prate -, 



4. Int^prate 



— §m""*«. 
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^ Integsation of certain Isbational Diffebentiaub. 

170. In the preceding articles, rules have been given ht/ which 
every ratmial differential may be integrated^ except the case 
referred to in article (168). It may then be taken for granted, 
that, in general, every irrational differential which can he made 
rational in terms of a new variable^ can also be integrated. Let 

ax^dx 



bx* + ex'' 



be a differential, all the irrational parts of which are monomials. 
Make 

X = z^\ then «* = «*^, 

X* = 2**', a:* = «*^, dx = knqz*^^^dz. 

These values substituted in the given expression, evidently make 
it rational in terms of z and dz. It may then be integrated, aftet 
which the value of z in terms of x must be substituted. We may 
then enunciate the following rule for the integration of expressions 
of this kind : For the variable substitute another^ with an exponent 
equal to the least common multiple of the indices of the radicals; 
then integrate by the known rules^ and substitute in the result the 
value of the new variable in terms of the primitive. 



Examples. 

I s 

2x^ — 8«' 

1. Let du = r^^« (!)• 

bx^ 
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The least common multiple of the dcnominatore or indices being 
6, we place 

X = 2*, then dx = Qz^ds^ z =r «•. 

Substituting in (1), we have 

22* — Sz* 12 18 

rftt = 6z*dz = — z^dz — — «•</«, 

52 5 5 

and integrating, 

12 , 18 , 8 1 2 a 

40 45 10 5 



3a?^rfa: _ , cucdx 

2. Let rfu = — : . 3. Let du = 



2x 



1 «. -.1 b -- eVx 



171. If the irrational parts are all of the form (a 4- 6a?)*, _. . /^ 
the expression may be made rational in terms of 2, hj placing . f^ 

a -^ bx z= z% 

r being the least common multiple of the indices of the radicals. 
We sh'all thus have • 

z' ^ a , rz^^^dz 

' = — J—' . '^ = — 6-' 

which, substituted in the primitive expression, with the value of 
a -{- bx^ will evidently give a rational result Take the examples : 

dx 
1. du = 



(1 +x)^ + (1 +x)i 
Place 1 + a? = 2*; then dx = 22cf2, 2 = (1 + «)*. 
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These values substituted in (l)f give 

2(2f 



du 


^ 


«• + » 


dz 




— O ten 



1 + »•' 

whence 

a = 2 / , f^ , = 2 tan-"i = 2 tan-«(l + «)*. 



2, Let du =: 



Vl + « 



3. Let du = - 



(1 - *)* + (1 - «)* 



172. Differentials of the fonn 



■ I 
f 



v" ' t 



Xdx 



W + b'xj 



X being a rational function of «, may be made rational by placing 

CL -{- bx 

f , ., =2*, deducing the values of x and dx^ and substi- 

tuting them. ^ 

For example, let 

=-^(1^)' (■)■ 



du 



1 + « «• — 1 ^z^dz 

These values in (1), give 



''•* = («' + 1) —' 



which is rational. 



w " 



^/J(At 



/ 
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CS^ 



173. Every radical of the fonn y/a + hx :±: cx\ can be 
written thns 



Vcy 1 — « db «» = Vcy/a -{- fix dt x% 



, • ct b 

after making - = ck, and - = 3. 

c ■ c 



To render rational a differential, the only irrational part of which 
ia a radical of the above fonn, it will then only be necessary to find 

rational values for a?, dx^ and Va + fix :±i x\ in terms of 
a new variable and its differential. 

L Take the case in which the sign of x* is +, and place 

Vol + fix -^ X* = « — X. (1). 

Squaring both members, we have 

a + Px = s* — 2cx; 



whence 



«» - « 



'=W+Tz <*)• 



By differentiating this valne of x^ we obtain 



_ 2(z^+fiz + a)dM 
and by substitating the value of x in the second member of (1), 

v'.-+T(rT7 = !l^%J_-...,4,. 
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These values of x, cir, and Va 4- ^x + x\ substitated in 
the primitive differential, will evidently give a rational expression 
in terms of z and dz. After integrating this, the value of «, taken 
from (1), most be substituted. • 



1. Let du = 



£aample8. 

dx dx 



^/a + bx + ex* Vc'^o. 4- j3a: + ar* 



Substituting for dx and -y/a + /3j; + a?* their values 
as found above, and ^educing, we have 



, dx 2dz 

du = 



VcVoL + px -\- X* Vc{p + 20)' 
whence 

u = -L/(/J + 22) = J-,1[I3 + 2(Va + Px + x* + x)]. .{5). 
Vc Vc 



^ , dx dx 

2 Let du z=z 



Vh + c... .^^ ^ ,. 



c 



By comparison with the similar expression in the preceding 
example, we see that 



= %/c, = 3, -i = «. 



Substituting these values in (5), we deduce 
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'/-TT—.-M'^'*') 



.«/» + .. 



1,«/VA + e*x* + ex\ 1,2 . 1 ,^ , . . . . 

1 2 
and, finally, after nniting the constant — / — with the arbitrarf 

eoostanti 





!•» 


— i-UVh 4- cV 


Va 


du 


1 1 «^*^ ' 




dxV2x + a?* 



8. Let 



Comparing this with formulas (2), (3), and (4), we see thai 



= 0, 2= ft « = 



«« 



2 + 2i* 



^* - (2 + 2zy » V2« + « - 2 + 2«* 



^fkmod 



"" - f'(^ + 1) ' 



4. Lei du = dx Vm* + x\ 

' dx '' 

5. Let d« = — — ^ 

«V«' — a» 
M 

/ 



« 1 

: ^ 



■\ 



'■ ••-../ 'v r. . 1 
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174. IL K the sign of «* be minns, it will be n^cesBary to pur- 
sae a different method, and deduce other formnlas ; for if if e write 



Vo- + fix — «' = » — ar, 

thiB second powers of x in the sqnares of the two membeis will 
have contrary signs, and not cancel each other, as in the first case; 
and therefore the deduced value of x in terms of z will not be 
rational. 

Denoting the roots of the equation «* — /3a; — a = 0, by ^ 
and J', we have 

,« - /3ar - a = (« - i){» - *?)• 

or, changing the signs, 

Now, if we make 

V(x-(J)(d'-ar) = {x^6)z (1), 

square both members, and strike out the common factor x — i^ 
we have 

Substituting this value in equation (1), we obtain 

^a + /3x - «• = V(x - 6) ((J' - x) = ^f 7 ^\ 2, 

' 1 + a* 

By differentiating equation (2), we find 
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(1 +«•)« 

These valu^ of or, Va + j3x ^ ar', and ds^ sabstitated 
in the primitive expression, will make it rationaL 



1. Let du z=z 



Examples, 
dx 



\/a + /Ijf — OP* 



By stbttitDtingr the values of die and Va + /3a? — af\ we 
elitain 

2dz 



du z^ — 



I + z^ 



= - 2 / ^" = - 
V 1 + «" 



2 tan-'«; 



and since, from eqnation (1), 



= <^H 



X 



we have, finaUjf, 



/dx ^ ^ .^/6' — X ^ 

-— === = - 2tan->f/ 5^ + C. 
Va + 0a? — «• a? — d 

If in this we make i3 = 0, a = 1, the expression reduces to 



-^ i/l _ «« . 1 + *• 



rince, bv placing «' — I = 0, we find 
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a? = db 1, or ^ = — 1, d' = 1. 

If we now introduce the condition thai the integral shall be 0^ 
when a; = 0, we have 



= C - 2 tan-" l = C - j, 



r - '^ 



and 



/dx __ TT 

-i/l — a.« "■ 2" 






The direct integral of the first member is sin'* «, Art (162) ; 
hence, 



2 1 + « 



2. Let 



du = 



dxV^ax — Of* 



I 



^ > 



Placing 2 ox — a;* = 0, we deduce a? = 0, and « = 2a; 
hence, ^ = 0, and $' = 2 a. Substituting these in the formulas^ 
<&c^ we have 



dxV^ax — Of* 



2«*(& 



1 + « 



t» 



a simple rational fraction. 



3. du = 



xdx 



V^x — ar«' 



4. (ftf = 



rfa?'/2 — x' 



. i 



"A 



■ • # . ■ 
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InTEQBATION of l^INOMIAL DzFETESENTIALS. ^ 

176. 1. If we have a differential of the form 

«' (r beiDg sapposed less than n) may be taken oat of the paren- 
thesis, and for the primitive expression we may write 

jj— >cfarar»(a + 6ar— ')» = x'^'^l''^dx{a + 6«— ')»» 

in which bat one of the terms,' in the parenthesis, contains the 
variable x^ and the exponent of this variable will be positive. 

2. If, after this, the exponent of x shoald be fractional, either 
within or withoat the parenthesis, or both, we can sabstitute for 
X another variable, with an exponent equal to the least common 
moltiple of the denominators of the given exponents, and thus get 
rid of the fractions ; as in the example 

x^dx(a + hx^y^ 
by making a; = z*, we obtain 

x^dx{a + hx^y =: Qz^dz(a + fe»)», 

in which the exponents of z are whole nambers. Henee^ every 
hinamUd differential can be placed under the farm 

p 
x*-^dx{a + fea?*)% 

in which m and n are whole numbers, and n positive. 
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176. 1. The binomial differential being placed under the pro- 
posed form,' if -^ is entire and podtive, it may be integrated aa 

in article (157) ; if -r- is entire and negative, we have 



«— 'cfj(a + 6af) « = -— 



(a + te')« 



which is a rational fiction. 



i U<i ^ 2. If — « is a fraction, either positive or negative, place 



then 



(a + hx-y = «'...• (1), «• = *' ^ ^ , 






The values (1) and (2), substituted in the primitive expression, 
give 



'dx{a + hx^Y = ^z'-^'-'dz (^^)" . . . .(3), 



which is rational in terms of g and dz. when — it a whols 

n 

number. 
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» 

EoBomple. 

Let du = x*dx(a — te')^, 

in which 
m - 1 = 3, n = 2, ~ = 2, p - Z, ^ = 2, * = - 6. 

These values in equation (3), give 

x^dxia - bx*)i = g'<fe ^^*rr^\ 

in which 



8. If — ia not a whole number, we may write 
n 

«— »ia;(a + fea:«)» = «—'</«[«•(— + 6)]» 

and, in accordance with the preceding principle, this may be 
made rational if 

m + 

a whole number. 



! = _(- + £) i. 



To obtain the proper rational expression in terms of 2, we need 
only make in equation (3), 

m = «i + ~, n ^=: — n^ a = 6, 6=:«, 
Thus, 
••+*-'<to(a«— + i)7=_1.2'+*-'rf«(!-I^) "'• ...(4), 
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JEeampls. 

Lei du = xdx{a + &r')i, 

in which 
«i-l = l, n = 3, 7^=1, ^ = 3, ^ + 2=1 

These values in equation (4) give 

in which z* = <m:~' + 6. 

From what precedes, we see that every hinomial differential of 
the proposed form can be integrated, if the exponent of the paren- 
thesis is a whole number; if the exponent of the variable toithout 
the parenthesis^ plus unity, divided by the esqtonent of the vcaiahU 
within^ is a whole number ; or if this quotient^ plus the exponent of 
the parenthesis, is a whole number, 

177. Let ns now write p for — , and then divide Hm 
expression 

ar— 'cfj;(a + bx*y = x—x*'^dx{a + bx*)% 

into the two factors 

«*"• = u, and x*'^dx{a + hx*)' = dv\ 

whence 

(a -4- 6«*^'+' 
rfu = (wi - n)*— — 'rf:r, V = ^Jr_?i^ L_. . . .Art (168). 
^ ' ' {p+l)nb V /• 
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SabstitatiDg these values in the fonnola 

fudv z=i uv — fvdu Art (169), 

and makiDg (a + 6x*) = X, we have 

But smce 

X'+" = X'X = X'(a + 6z») = aX^ + 6«»X', 

/«— — '<teX'+' = a/a:—— 'rfzX' + b/x^'^dxXr 
SabstitatiDg this value in (1), and clearing of denominators, 

= «— X'+" — (f» - n)[a/a:— — >rfarX' + 6/a:— »fltrX']; 
transposing, &c^ we obtain 

By a single application of this formula, we cause 

/x^^^dxX^ to depend upon /«*"•" 'cKjrX', 

in which the exponent of the variable without the parenthesis is 
diminished by the exponent of the variable within. By an appli* 
cation of the same formula to fx*~^~^dxX'y it may be made 
to depend upon yz*~**"*cfa:X'; and finally, by repeated 
applications, fx^~^dxXf will depend upon the expression 
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in which r representB the number of times m will oontain fi. B 
m is positive and an exact multiple of n, then m — m = 0, the 
term containing the expression to be integrated disappearsi and 
the integration is complete. 

If |m + m = 0, the second member of the formula becomes 
infinite, and it fails to answer the purpose ; but in this case 

p A = 0, which, substituted in equation (4) of article (176), 

gives an expression which may at once be integrated. 

178. We may also write f ** » / v '^''f a.^ W ) 

If now in formula A we change m into m + n^ and p into 
p — 1, we have 

(pn 4- m) 

Substituting this value in the preceding equation, and reducing, 
we obtain 

ar*X' 4- tma fx^'^dxX'"^ 

by which the primitive expression is made to depend upon an- , 
other, in which the exponent of the parenthesis is one less than 
before. By repeated applications, this exponent, if positive, may 
be reduced to a fraction less than unity, either positive or negative. 



179. The use of the preceding formulas may be Ulustratad by 
the example , 

fx*dx{a + 6a?') i 
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Place j« + fea?* = X, m = 8, » = 2, 1> = |; 
then, fix>m formula A, 

Applying fonnnla B to the ezpreesioQ /dxX^^ makmg 
•1=1 n = 2, /> = f , we have 



4 



and by another application 



•^' ^ «/!^ 



2 

Sohstitnti]^ these valuea, we have, finally, 

/ar dxJL _ — - -^j^ _^^ — y _. 

The expreflskm — - = —=== may be intesrrated 
as in Art (173). 

X 
180. I^ in the primitive expressions, m and p are negative, the 
effect of the application of formulas A and B, woald evidently 
be to increase them nnmerically. Other formulas are then re- 
quired. 
From A| by transposition and reduction, we find 

fx 'AX' _ *'-'X'+^-b(m + np)/x--^dxX' 

^ a{m — n) 
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If in this we change m into ^ m + n^ we have 

•^ am ' 

by the application of which, — m will be numerically diminiahad 
by the number of units in n. 



If n — m + tip = 0, or » = 



P + 1* 



the part to be integrated will disappear, and the int^ration wili 
be complete. If m = 0, the formula fails. 



181. From B, by transposition and reduction, we find 

pna 
Kin thb we change p into — |> + I9 we obtain 

' an{p — 1) *^' 

in which the exponent of X is numerically one less than in th« 
primitive expression. 

If /7 — 1 = 0, the second member becomes infinite ; hot 
in this case p == 1, and the primitive expression reduces to a 
rational fraction. * 



If m + n — np = 0, or ns= 



p- 1* 



the simple application of the formula gives the integral at onoe. 



unisaKAL CALCULUS. 258 

182. Let ns illastrate the use of th'^ae fonnulas by the example 

Making in O, m = 1, a = 2, 6 = — 1, n = 2, /> = — J, 
we have 

/x''^dx{2 - «')"* = - —Y— +/<'«X~*...(1). 

By formula D, after making m = 1, n = 2, a = 2, 
> = — 1, /> = |, we have 

Bfaking the proper substitationB in (1), we obtain, finally, 

■ 

in which X = 2 — or*. 



183. By the aid of formula D, we are now able to integrate 
the expression 

Jyf-b^^ = '^^'* + 6')-'- •••Art (167). 

By making m = 1, x :=i Zj a = 6', 6=1, n = 2, 

/dz 
/ « -L A«\y *^ depend upon the integration of 

another expression, in which the exponent is one less; and by 
repeated applications, we shall find that the integral will depend 
upon the expression 
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184. For the expreation 



/ 



x^dx 



V^cx — «• 
w6 may write 

fx^dx{2cx - «•)"! = /«*~*cte(2c - «)-* 

to which applying formala A, making 

« 

m = y + ^ a = 2c, d = — 1, p = — ^^ fi=l, 

and recollecting that «'"' = jr*"'**, and «*"" = «♦"*«"», 
we obtain 



/ 



x^dx «•-' V^ex — «• 






^y^i-^y. 



y/2cx -- 



By repeated applications of this formula, when g is a whole 
number, we make the primitive eipression depend upon 

dx 



/ax X 
= ver-«in"'-.,..Art (161). 
V2«r - «• c 



Intboration by Series. 

185. If it be required to integ^rate the expression Xdx, X 
being any function of a*, it is often convenient and useful to de- 
velop X into a series by any of the known methods, geuei-ally by 
tlic binomial formula ; and tlicn, after multiplying by dx^ to inte- 
grate each term separately. This is called intajrating by setiei ; 
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\ tince we thus obtain a scries equal to the integral of the giren 

• expression, from which, when the series is converging, we can, for 

^ {larticular values of the variable, deduce the approximate value of 

K the intend. 



( 



■• 

f 



1. Let us take the example 



du = j-^ = dx(\ + ,)-. 



By the binomial formula, we have 

(1 + a?)-> = 1 -- a: + «» — «» + &c 

Multiplying by cfor, and prefixing the sign f^ 

whence 
or since 



/rT^ = ^(^ + ')' 



«• . :r» «* 



2. Let rfu = «*(! — x») W 

By the binomial formula, we have ' 
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Maltiplyiiig each term by x*dxy &c^ 



/«*(! - «')*<fa = /{xidx - '-^ - *-^ - kc)\ 
rhence 



It 



/«i(l - ««)U = |.t _ 1,1 _ ?! -Ac. 



3. Let du = a*dx. 

In article (40), we have found 



«» «• 



a. = 1 + ^- + (^)._ + (^)'^-^ + *a; 

hence, 

/a*rf« = a? + — + i— ^ — + fto. 

If a = e, then /e = 1, and 



/,.rfx = * + ^ + ff + ll + *«. 



(fx dx 

4. Let rfu = ' 



Make V^ = t^ ; then dx =l 2 Vx du^ and 



(fop 2du 



rhich may be readily integrated, and we shall obtain 
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/ ^ = 2 sin-* V^ = 2 Vx(l + — + -^^ + &c^). 



6. <^tf = f'^dx. 6. rftt = dx^2ax — «*. 



7. Let aa = - 



Vl - ir« 



Developing Vl — <"«• = (1 — «"«•)*, welui?« 



Vl - «"«» = 1 - ie^x* - i«'*ar* - Ac.; 

2 o 



hence 



cte Vl — e'*ar* ^,, 1 „ , 1 ,- . ^ ^ d» 



rVr^' =/0-r---5'-"-*°-) 



VriT^ "^ 2 8 'yr 



« 



< 



After the multiplication, each term of the second member will 

/x^dx 
, - , .which, by formula A, 

V 1 — «• 

may be made to depend upon 

dx 

X. 



/ax . _, 



8. Let if tf = 



V(^cx'-x*){b — x) V^cx — ar'Vfc — «' 

If we develop = (6 — «)" *» and multiply by 

V 6 — X 

each term will be of the form 



which may be reduced and integrated as in the preceding article. 

17 
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186. By the application of the formula for integration by parts, 
Art (169), to the expression Xdxj we obtain 

fXdx = Xx ^ fxdX .....(!)• 

and then to xdX^ kc^ 

J 2 dx "J dx* 2 "" 2.3 (/a;« •/ 2.3 cte« • 



Substituting in succession the values above deduced, equation 
(1) will become 

dX X* rf*X «• 
/Xdx = X* - _— + -^y:^ - 4c, 

a series, expressing the integral of Xdx in terms of X, and its 
differential coefficients ; which has received the name of its distin* 
guished discoverer, John Bernouilli. 



187. If in the integral 

/Xdx = f{x) = «, 
we make x = x -^ h, we have 

(/Xrf*)...+» = fix + A) = u'; 
and, by Taylor's fonnula, 
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Bat since 

fXdz = tz, Xdx = du, ^ = X, 



d^u dX d*u d^X 



t ' 



dx* dx ' dz* dx 



These yalaes substituted in (1), give 



-,. ^ dX h^ ^ d*X A» ^ . 
dx 1 ,2 dx* 1.2.3 



K in this series we make x := a^ h = b — a, and denote 
by A, A', A", &c^ what X, -r—j -7-71 ^^n become 

under this supposition, it is plain that what u becomes will repre- 
sent the value of the integral when x z=z a] what u' becomes 
its value when « = a4-6 — a = 6; then what m' — n 
becomes, will be the value of the integral between the limits 
X =. cL^ and x =z h\ whence 

y^X^te = A(6 - «) + ^ (6 - «)• + .jA:^(6 - «)• + &c^ 

a series from which the approximate value of a definite integral 
may be obtained. If 6 — a is so large that the series does not 
t;on verge, or does not converge rapidly enough, then let it be 
divided into n equal parts, so that 

6 — o = no, 

and take the value, first between the limits a and a + Oy then 
between a + a and a + 2a, hc^ and suppose the results 
to be 
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Ba + B'--- + B 






1.2 



1.2.3 



Ca + C— - + C 



1.2 



+ &c. 



1.2.3 



(2), 



Da + D'— - 4- D" + Ac. 

^ 1.2 ^ 1.2.3 ^ 



Ac; 



theD, by articlo (160), we have 



f^Xdx = (B + C + D + &c.)a + 

(B' + C' + Ac)^ + Ac (3), 

and as a is arbitrary, the separate series (2) [and of courM the 
final series (3)] may be made to converge as rapidly as we please. 



Integration of Diffebentlals containing Transobndeh- 

TAL Quantities. 



188. But few of these differentials admit of exact integrals. 
Wo can, however, by the aid of formulas previously deduced^ 
obtain, by series, their approximate integrals. 

By the examination of a few expressions, we will endeavor, as 
far as possible, to indicate to the pupil the general method to be 
pursued, and then leave to his ingenuity and industry its applica- 
tion to tlie different cases with which he mav meet. 

Take first the expressiou 

x{ixydx, 
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in vhich X is an algebraic function of x. If we divide it into the 
two factors 

Xdx = dv^ and (^)* = ^\ 

whence 

/Xdx = V =z X\ du - f»(^)— '— ; 

and then snbstitnte in the fonnuht of Art (169), we have 



/X{lxYdx = X'{lxY - n/X'(&)-' — (1). 

X 



By this the integral of the primitive expression, when the inte- 
gral of Xdx can be found, is made to depend upon the integral of 
another similar one, in which the exponent of {Ix) is one less than 
at first 

If^ then, n be entire and positive, after repeated applications of 
the formula, the exponent of {Ix) will become 0, and the expression 
opon which the integral depends, algebraic. 

For a particular case, let 

X = «•, then fx'^dx = ^ . , = X', 

and this in (1) will give 

If in this we substitute for », in succession, 

» — 1, n — 2, n — 8, Ac^ 
we have 



t 
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These valaes in (2), will give a general formola, in which, if a 
be positive and entire, the last term will be 

n(n-l)..„.2.1 -.,,... _ . n(n-l )_!»■+■ 
=^ {m + !)• -f' ^''> «** - =^ (m +!)•+' " 

We shall therefore have 



The sign of the last term will be plos when n is even, and 
minus when n is odd. 

If m = 1 and n = 1, we have 



/xixdx = |- (^ - ly 



If fy» = and n = 1, we have 

flzdx = ic(/j? — !)• 

If f7i = — 1, the second member of (3) becomes infinite. 
In this case the differential becomes 

^ ' X ' 
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dx 
Making Ix = z^ we have — = c2?, and 

V 

/W-=/^'* = ;rTT = V + l' 

which is tnie for all values of n, except when n = — 1. In 
this case the expression becomes 

xlx' 
Making Ix z= g^ we have — = dz^ &k1 

X 

M =/* = " = '(")• 

189. Take now the expression 

Xa^dx^ 

in which X is an algebraic function of x. If we divide it into 
the two Actors X and a'dx^ and recollect that 

a'ladx = da' Art. (89), 

whence 

a'dx = -T--, and fa'dx = — ; 

we shall have, from the formula for integration by parts, 

/X«-rfx = ^' _/grfX (1). 

K we take the successive differentials of X, and place 



S64 INTEGBAL CALOULUa. 

dX = X'dx, dX! = X"dx, dX" = X!"dx, Ac, 
we obtain 

J la " {lay J (lay ' 

fo^dr __ x;v _ / g' ^,, 

•/ (to)» " (/a)» y (to)* ' 

These values, in equation (1), give 

/JLa dx -. a ^^^ - ^ (/a)"+7 "^ 7 (te)^ * ' * " ^^^• 

If the function X is of such a nature that one of its differential 
coefficients X', X", &c^ is constant, the differential of this will 
be 0, and the corresponding term 

a-t/X-' 






(la) 

The integral will then be exact 
The expression x*a'dx^ 

admits of an exact integral when n is entire and positive. 

If n be fractional or negative, we write for a* its developmenti 
Art (40), and then integrate as in Art (185). 

190. By article (43), we have 
d emnx = ndx cos nx^ d cos no; =r — ndx sin fix; 
hence 
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^ , . COB Tu; ^ . nn fu? 

jdxsinnx = — , jaxcoanx = . 

•^ » "^ n. 

In the expression 

dx sin'fl^ 

we can place for sin* a;, its yalae, — , and then have 

^, . , /•dx /*coB2xdx X 1 . « 

and, in general, the integral of similar expressions, containing any 
power of either the sine or cosine of x, can be obtained by first 
substituting the value of the power in terms of the functions of the 
double, triple, &c., arc, as determined in Trigonometry. 

The expressions ^/t * / ^ ^'' ^ 






/ .« 



^ - ■ •^•' ■. . ,^,. 



dxm^x^ dxcoB'^x^ 9 v^. V -- /■• 

when m is entire, may also be integrated as follows : Make / 

dg 
anx = 2, then x = sin^'z, dx = 



(1 -»*)*' 

whence 



yrfjj sin^a; = f- 



(1 - *•)* 



This expression, by repeated applications of formula A or O, 
may be m^e to depend upon 

/dz /• tdz 
V ^' J 1- 
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In the expression 

place tanx = c, 

hen 

dz /• «*df 

dx = ^-pp, /«te tan-* =y j-j-p 

which is a rational fraction. 



t 



Examjilea. 

Integrate 

1. du = cfa? sin*j;. 2. du = 



cos'a:' 



(2^ 
3. du = -7 — . 4. du = (fxtan'rr. 

Bind; 



191. In the general expression 

dx sin^o; co6*d^ 
wo may place 

sin z = z, then cos a: = (1 — z*)^^ dx = , 

(1 - «•)* 



and finally, 



/dx sin"* a? co8"« = fz'^dziX — «*) « , 



i 
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which may be reduced by formulas A, B, d and D, and in 
some cases integrated, as in the example 

du = dx BAn*x coB^x'j whence . u = y2*rf«(l —• «*)*. 



192. Take finally the expression 

Xdx sin"*!?. 

Place Xdx = dv^ and sin^'o? = «, then 

« 

dx 



/Xdx = V = X', and du = 



(I-*')* 



Substituting in the formula of Art (109), we have 

X'dx 



* yXdx tan^^x = X' sin~*« — /- 



(1 - a?')* 



Thus the integral of the primitive expression is made to depend 

X'dx 
upon the integral of the algebraic expression -, 

Let X = «•, ^ 

then 

/Xdx = /x^dx = j^^ = X', 



and we have . 

«•+* . . 1 /• x'-^^dx 

(1 .- *•) 



«r , 1 /• X ~ dX 

fx^dx mw^x ^ 8in~*ap — / 



* 
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By the application of* formula A or O, when n is entire, 'tiM 
last tcnn may be reduced, and then integrated; except when 
n = — 1, in which case the expression becomes 

dx . , 

X 

which can only be integrated by series. 
In the same way, like expressions may be found for 

y*X(fa; cos""'*, /Xdx tsoi'^ x^ &0n 



Ikteobation of Diffebentials of the EEiqheb Obdebs. 

193. By an application of the rules previously demonstrated, 
we may readily obtain the primitive function, from which differ- 
entials, of a higher order than the first, containing a single varia- 
ble, may have been derived. 

Let there be the differential 

X being any function of x. 
Dividing by (f**""', we have 

and since dx"""^ is a constant, this may be written, Art (£6), 
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Integrating both members, we hare 

^^^^ = /Xdx = X' + C. 

After multiplying both members of this equation by dx^ it maj 
be written • 



''(£=-") = ^''' + ^'•' 



and integrating as before; 

which by another transformation and integration, may be reduced 
one degree lower, and finally after n integrations, we shall obtain 

u = Fix) 4- —— H — 4-.^ C<— «>•. 

^^ ^ 1.2.. (n - 1) ^ 1.2..(n - 2) ^' 

The above operation may be indicated thus, 

tt = J^Xdx''] 

the symbol y** indicating that n successive integrations are re- 
quired. 

At each integration an arbitrary constant is introduced. The 
complete integral may therefore be required to fulfil n arbitrary 
conditions. 



Exkxmples. 
1. Let (/'tt = ax*dx\ 

The required operation is indicated thus, 
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and may be read, %ht double inteffrcU of<ix*dx\ 
Let the expression, after dividing by cb^ be written 



= *'(£)= «'**'5 



rf'tt . /du\ 

'di 



whence, by integration, 



du ax* cut* ^ 



Integrating again, we obtain 



ax* 



u = — + Or + C. 



2. If 

d*u = bdx\ u = phdx\ 

which is called a ^rtp/« integraL We may write 

dx 
whence 



■ = ^ (1^) = "" 



Cf*tt 

^ = te + C; 

and finally, as in the last example, 



X* 



%? 



,. ^7LA§, 
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K 

Integration of Partial Differentials. 

194. Hitherto, we have explained the mode of integrating onJy 
the differentials of functions of a single variable. It yet remains to 
extend our niles to the integration of those which contain more 
than one variable. 

These differentials are either partial or totals Art. (62). When 
partial, they belong to one of two classes : 

I. Those obtained from the primitive function by differentiating 
with reference to one variable only; 

II. Those obtained by differentiating first with reference to one 
variable, and then with reference to another, (fee, Art (48). 



195. The differentials of the first class may be expressed gener- 
ally thus, 

rf"tt =./(a?, y, z, &c.)rf«»; d^u = /' (ar, y, «, Ac.) rfy • ; Ac, 

in which u is a function of x^ y, z, dsc, and may evidently be 
obtained by successive integrations, precisely as in article (193); 
all the variables, except the one with reference to which the differ- 
entiation was made, being regarded as constant, and care being 
taken to add, instead of constants, arbitrary functions of those 
variables which are regarded as constant during the integration. 



Examples. 

1. Let rf'ti = hx^ydz\ 

which, after dividing by dx^ may be written 
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da \ 



whence 



and 



<S) = "'y^i 



^=/&xV* = ^+T, 



du = ^dx + Ydx, 



phx'ydx' = 5^ + Y« + r, 



in which T and Y' are arbitrary {nnctions of y. 



2. Let d^u = ex*y^z^dy\ 



196. The differentials of the second class may be written genet 
allj thus, 

rf*"*"'"*^-ii = /(x, y, «, &c.)rf«*rfy*rf«'......^, 

and the mode of integrating is plainly to integrate first, m timet 
with reference to x, then n times with reference to y, and bo on 
until all the required integrations are made. 
To illustrate, let 

1. d^u = 2x*ydxdy^ 

which may be written 



rf(g) = 2*Vrfy. 



whence, by integration with reference to y. 



and 
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-7- = **y' + X, or rftt = x*y*dx + Xd!^, 



tt = /*2x*ydxdy = ^ + /X(f« + Y.; 



Ihere being no necessity of indicating with reference to which 
Tariable the integration is first to be made, Art (49). 



•2. Let d*u = ax*tfdy*dx. 

This may be written 

^ = ax'ydx, or ^(-5-?) = «*V«. 

iQtegratiog with reference to or, 

d*u _ gg'y «, 

which may now be integrated as in the preceding article. 
8. d*u = axz^dxdydz, 4, rf*tt = (« + yydx*dy\ 



Inteobation of Total Differentials of the First 

Order. 

197- H u =f{x,y), 

haye finmd, Art (52), 

du du 

u 
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in which •-=- dx and -r^V are the partial ^KflfcireBtiAb of 
f(Xy y); and also, Art (49), 



d^u d^u 



<t) _ <%) 



dtdy - dydx' **' dy ~ 4» '" '^^^' 

If, then, an expression of the form 

^VU Pcto + Qrfy (2), 

he the total differential of a function of x and y ; Vdx and Qfiy 
must be the two partial differentials of the function, md by the 
integration of either, we shall obtain the function itselfl 

To ascertain, in any given expression of the above form, whether 
Ydx and Qfiy are such partial differentials, we hate ^feimply to see 
if the condition (1), or 

rfP __ rfQ 

dy ~~ dx^ 

is fulfilled. If so, the given expression is the differential of a 
(unction of x and y, and we have 

u =/Tdx + Y (3), 

T being a function of y, which is to be determined so as to satisfy 

the condition -r- = Q. 

dy 

Since the differential of every term of u which contains x, when 

taken with respect to or, must contain dxy the integral of Fdx will 

give all that part of u which contains x. The differential of those 

terms which contain y and do not contain x, will be found only in 

the expression Qdy, If, then, we integrate those terms of Qdy 

which do not contain rr, we shall have that part of « which con 

tains y and not x. This will be the required expression for Y 
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which added, with an arbitrary constant, to /Fdx^ wiU give the 
complete integral. 

If all the terms of the given differential contain x or dx^ Y will 
be 0, and we complete the integral by the addition of an arbitrary 
constant to the integral of Vdx. 



1. Let 

dvk = (2«ay — Zhx^y)dx + (««• — hx*)dy^ 

which, compared with equation (2), gives 

P = 2axy - Sbx^tf, Q = aaj« — bx\ 

-r- = 2ax — 3&C* = -r^. 
ay ax 

This condition being fulfilled, we then have, since all the terms 
of du coi^taiB X or dx, 

u = /{2axy — Sbx*y)dx = ax^y — byx* + C. 

dx 



2. If du=.^+ (2y-^,)rfy, 






The term of Qiy which does not contain x^ 

2ydy, 
the int^^ of which is y*; hence 
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and the above expression for u becomes 



« = f + y« + C. 

y 



3. If (fu = ^": -7— 7-, u = tan-'^ + a 



ydx — xdy x 

ar« + y* ' y 

•I 

4. Let du z=z (%Ty — y^)dx + (3«* — 22y)<fy. 



198. The method of obtaining the integral of a differentialt 
containing several variables, is readily deduced from what pre- 
cedes. Let 

du = Vdx + Qrfy + Rrfif = rf/(ar, y, «). . . .(1). 

If for a moment we regard z as a constant, and then, in succes- 
sion, y and x^ it is plain that we shall have tlie three expressions 

Vdx + Qrfy, Vdx + Rrfz, Qrfy + IW«...{2), 

which, taken separately, are differentials of functions of two vari- 
ables, if the primitive expression is a differential of a function of 
three, and the reverse. 

But the conditions that these bo each an exact differential, are 

rfP_rfQ rfP_rfR rfQ_(rfR 

dy " dx' dz " dx' dz '^ rfy"""^^^; 

hence, if we have given an expression of the form 

Ydx + (^iy + Rdz, 

and the conditions (3) are fulfilled, it will be the differential of a 
function of three variables, and we can obtain the function by 



#▼ 
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integrating either of the expressions (2), as in the preceding 
article, taking care to add to the integral a function of that vari- 
able which is regarded as constant. Thus, denoting the integral 
of Tdx + Qrfy by v, we have 

/{Fdx + Qdy + Bdz) = V + Z (4), 

Z being independent of x and y, and a function of z alone ; and 
may be determined by taking the integral of those terms of Bdg 
which contain neither x nor y. 



199. If a function of two variables, composed of entire terms, is 
homogeneous with reference to the variables, its differential will 
also be homogeneous ; and such a relation will exist between the 
function and its partial differential coefficients, as will enable us at 
once to obtain the function when the differential is given. 

To explain this relation, let 

and m denote the sum of the exponents of x and y in each tena.' 
For X and y, substitute tx and ty re^ectively; the primitive 
function then becomes f^u. 

In this expression, for t put (1 + s)] then 

fu = (1 + «)*u. 

Under these suppositions, x and y, in the primitive function, 
have become, respectively, x + sxj and y + sy. 

Developing this new state of the primitive function, as in article 
(48), we have 

. /du du \ . 1 /d^u , , . « rf'u , \ , . 

. m (m — 1 ) U8* . . 
= (1 + *)•« = u + mils H ^ — T~o ^ *^ 

A . « 
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Equatbg the coefiScients of the first powers of tbe wdeCemumfte 
Sy we have 

^« + ^y = «« (1). 

Hence, in the differential 

du = Tdx + Qiy, 

if P and Q are homogeneous of the (m — l)th degree, we shall 
have, by comparison with equation (1), 

T> ^ r^ Pa? + Qy 

P« + Qjr = mw, II = — ^^ 



m 



For example, let 

du = 4xy*dx + ay*dx + 4tX*ydy + Zaxy^dy^ 

in which m — 1 = 3, m = 4, 

4ity« + ay» = P, 4ar*y + 3aay* = Q; 

whence 

I"* + Qy Off. t 

ti = . = 2«*y + axy\ 



200. If we denote fVdx by v, we have, by passing to the 
differential coefficient, 

— = P. 

dx 

Differentiating this with reference to the variable y, we find 
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whence 



(|)._ 



ax ay 



Integrating with reference to the variable x^ we hare 



dv /»(fP 



dy J dy""^ 



or, since (<^) dx = d {Tdx)^ 

d/Fdx _ /> d{Fdx) 
dy "•/ rfy * 

By which we see, that we may differentiate with referente to 
another variable^ the indicated integral of a partial differential^ by 
simply differentiating the quantity under the sign. 



Ihtboration of DiffebentlilL Equations. 

201. These equations, when of the first order, and when derived 
from equations containing but two variables, will appear as partic- 
ular cases of the general form 

Fdx + Qiy = 0, 
and may of course be integrated as in article (197), when 
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and give 



dF _ dQ 
dy " dx' 

fVdx + Y == a 



In practice, however, it will in general be found that, in conse^- 
quence of the disappearance of a factor common to both terms o 
the differential equation, or when the differential equation has bee> 
obtained by the elimination of a constant from the primitive and 
its immediate differential equation. Art. (^8), this condition is not 
fulfilled; hence other means of obtaining the integral must be 
sought for. 

In the first place, it is evident that, if by any transformation the 
equation can be placed under the form 

Xdx + Ydy = 0, 

X being a function of r, and T of y, the integral can be found 
by taking the sum of the integrals of the two terms ; thus, 

/Xdx + /Ydy = C. 

202. Among the most simple forms with which we meet, are 

I. Ydx + Xdy = 0. 

n. XYdx + X'Tdy = 0. 

The variables may be separated, in I^ by dividing by TX ; and 
in n^ by dividing by YX'. The results, 



and 



dx , dy 

X ^ Y ' 
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dy 

are under the proposed form. In general, if the value of ^, 
deduced from, the equation, be under the form 



i=^^. 



we have 



^ = Xdx, and f^ = /Xdx. 



Examples. 
1. Let ydx — xdy =r 0* 

Dividing by ya?, we have .^ 



dx dy , . ^ 

- - ^ = 0, to - /y = C; 

X y 



or, making C = ZC, we have 



y y 



2* Let ay'rfa? + rfy = 0. 

Dividing by y\ 

xdx + -4 = 0; 

y 

integrating, and reducing, 

ar*y — 2 = 2Py. 
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3. Let (1 — xyi/dx -- (1 + y)x*dy = 0; 



whence 



and 



(1 — *) -» 1 + y^ 

i —l-dx -^-^dy = 0, 



2/ar + a? — (y — y = C. 

X ^ if 



4. Let (1 + x^)dy — Vydx = 0. 

5. Lot x^ydx — (3y + 1) y/l^dy = 0. 

^ijnc 6. 203. IIL In all cases where the equation is homogeneous with 
reference to the variables, they can be separated, and the equation 
placed under the proposed form. 

Suppose the general form of the given differential to be 

Aa?"y"rfa? + Ba;*y*rfy = 0, 

in which n + m = ^ + ifc=:y. 

Make y = zx, and substitute ; we thus obtain 

Ax'z^dx + Bx'z^dy = 0; 

dividing by x', and putting for dy its value, zdx + xdg^ we 
have 

Az^dx + Bz^{zdx + xdz) = 0; 

dividing by (Az" + B2*"*'*)ar, we have 

dx Bz^dz _ 

:r "^ Az- + Bz*+» ^ ' 

which is under the proposed form. 
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Eecmyplei. 
1. Let x^dy — y^dx — xydx = 0. 

Make . y ^=z zx^ then dy = »ix + xdz^ 
Substituting in the given equation, we have 

x^zdx + x^dz — z^x^dx — x^zdx = 0; 
reducing and integrating, 

xdz — z^dx = 0, — - — to = C. 

z 

Putting for 2 its valae, we have finally 



"vC"^^)- • 



a? — y 2y ar 

3. Let xdy — ycf* = dx Vx* + y\ 



204. IV. The equation 

(a + &r + cy)dx + (a' + 6'af + c'y)dy = 0, 

may be bo transformed, that the variables can be separated and 
the integral found. For this purpose let us make 

OP = ^ + d, y = u + 5'; 
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whence 

dx = dt^ dy = du. 

These values in the primitiye equation, give 

(a + 6J + c^' + 6^ + cu)dt + (a' + 6'J + c'^' + h't + c'u)(fu = C 

By placing 

a + W + c5' = 6, a' + 6'^ + c'5' = 0, 

we can determine proper values for the arbitrary quantities 6 and 
J', and our equation reduces to 

(ht + cu)dt + {h't + e'u)du = 0; 

which being homogeneous with reference to t and u may be 
treated as in the preceding article. 

This transformation is always possible, save when the values of 
J and 6' become infinite, which will h% the case only when 

6c' — c6' = ; 
whence 



c = 



y; Vx + c'y = '^{hx + cy). 



The primitive equation thus becomes 

adx + a'dy + {bx + cy) {dx + jdy) = 0, 
in which the variables may be separated by making 



bx + cy z= z. 
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Substituting this, and the resulting value of (fy, the equation 
reduces to 

(a'b + b'z) dz 

dx A ^ ^ ^ = 0. 

"^ ^ ahc - a'b* + (Ac - bb')z 

if 6c - bb' =0, 

we have at once the integral 

2a'bz + Vz^ _ 
* ■*■ T{abc - a'6«) "■ ^ 

in which the value of 2 is to be substituted. 

205. V. In the equation 

rfy + Pycf a? = Qrfar (I)* 

P and Q being functions of x, the variables may be readily sepa- 
rated by making 

y.= ^X (2), 

X being a function of :r, for which a proper value is to be deter- 
mined. By differentiating equation (2), we have 

dy = zdlL -h Xrf«, 

and by substitution in (1), 

zdTL + IL^dz^-Yzdx) = Qrf«....(3). 

Suppose X to have such a value that 

zdlL = Qrfa: (4); 

* Equations of this kind, being of the firgt degree with reference to y 
and dy, are sometimes improperly called Ixmolt equalioru. 
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eqolitioii (3) then becomee l^ d)( -^/(/ ^"f^' ^-^^0 ^^ * 

X{dM + PA2a;) = 0; 
whence 



or, taking the numberB, 
From equation (4), we have 

whence 

X = /Qe^^dx. 

These values of z and X, in equation (2), give 



ExampU, 
Let cfy + ydx = •""•dk, 

then P = 1, Q = «"•, /P<to = «; 

hence, by substitution in the above value of y, 

y = «— /e— .e'Jap = <-•(« + C). 
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206. If we divide the form 

dy + Pyrfx = Qy-cte (1), 

by y", we have 

^ + Py— +'rf« = Qrf* (2), 

In this make 
y''"+* = «, whence — (m — l)y~*(fy = <fe, 



and dy = — 



m 



Sabstituting these values in (2), and redacing, we obtain 

rf^ _ (m — \)Fzdx = — (m — l)Qix, 

the same form as equation (1) of the preceding article. Inte- 
grating this, and fhbstituting the value of z, we shall have the 
primitive equation, from which equation (1) may be derived. 

207. Equations of the form 

ay'^x^dx + hx'dx + cx^dy = 0, 
Biay sometimes be rendered homogeneous by making \ 

y = «*. 
k being a constant to be determined. From this, we have 

dy = ib*~'rf^, y* = «*•. 

Those values in the primitive equation give 



>; 
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az^x*dx -h bx^dx + ckx^z^^^dz = 0, 

which will be homogeneons, if 

ib» + n=j!? = 5r + lr— 1; 
that is, when 



LszJl = ^ + 1 _ , = t. 



Of the Factoes by which certain Differential Equa- 
tions ARE RENDERED InTEORABLE. 

208. It has b^cn remarked, article (201), that differential equa- 
tions sometimes fail to fulfil the condition of intcgrability, in con- 
sequence of the disappearance of a common factor. Whenever 
this factor can be discovered, by trial or otherwise, the integral 
can at once be found, as in article (197). • 

Let Vdx + Qrfy = 0, 

be a differential equation in which the condition is not fulfilled, 
and suppose that 

^ =/(^»y)» 

is the factor by the disappearance of which the given equation haa 
resulted. The immediate differential equation will then be 

Vzdx -h Qzrfy = 0, 

from which we have the condition, Art (197), 

,^__^_ —, • 
dy "^ dx ^ 
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or, perfonning the differentiation, 

zdP Vdz _ edQ Qiz 
dy "^ dy " dx '^ dx' 

(^l-«i)^(f-§)-« (■)■ 

This equation expresses a relation between z, x^ and y, but its 
solution in the general case is so difficult, that nothing will be 
gained by attempting it. 



209., If it be possible to find one factor which will render the 
differential equation integrable, an infinite number of others will at 
once result. For, suppose an expression for z has been found ; then 

zVdx + zQ^y = du 

is a differential which is integrable. If we multiply both members 
by any arbitrary function of «, denoted by U, we have 

JJzFdx + JJzQdy = JJdu. 

TJdUj containing u alone, is a differential ; hence the first mem- 
ber is also a differential of some function of x and y, which admits 
of integration ; and zJJ, or 

zY/{zVdx + zQfiy), 

is a factor which will render the given differential equation 
integrable. ^ ^^ 

^o'i / 

210. In the particular case where is a function of x only, its 

value can be determined, as we shall then have 

19 
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And equation (l), of Art (208), will rednce to 



dx 






or 



t " QWy dx) 
Bat by hypothesis 2 is a function of x^ therefore 



^(--§).„.,=.x, 



then 

whence 

Let this be illustrated by the example 

dx + 2xydy + 2y*(2fl; = 0, 
in which 

P = 1 + 2y«, Q = 2«|f; 

whence 



QWy </«/ " X ^ 



and 



2 = «/^ = e^^ = «*• = a^ 



d: being the common factor, the immediate di£fer^tial equation 
must be 
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xdx 4- 2x*ydy + 2xy*dx = 0, 
which can be integrated as in article (197). 

In a similar way, if z = /'(y), its value may be determined. 

• I 

To ascertain whether a proper expression for z has been thus 

obtained, we multiply by it, and then apply the test as given in 

Art (197). 

211. If the given differential equation be homogeneous with 
respect to the variables, a proper expression for z may be found. 
Let 

Vdx + Qrfy = 

be homogeneous and of the m ~ 1^ degree, and suppose £ is of 
the n*^ degree; then 

zVdx + zQfiy = 0, 

will be of ;the m — 1 + n** degree. Hence, by Art (199), we 
have 

/(.P.X + ^<^y) = f!^±^ = C; 

whence 

_ C(m -f- n) _ 1 

* ~ P« + Qy "" Par + Qy* 
since, C being arbitrary, we may make 

C(m + n) = 1. 

* 212. ;If the given differential equation can be divided into two 
parts, and a separate factor can bo found which will render e.'i'.'h 
part integrable, a third factor may sometimes be deduced frorii 
these, which wil' render the given equation integrable. Thu^s l«.-t 



I 
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Vdx + Qtfy = 

be divided into the two parts 

{Vdx + Q'iy) + (Y"dx + Q"iy) = O; 

and suppose z' to be a factor which will render the fint part int»- 
grable, and z" a like factor for the second part ; then 

* zV'dx + z'Q'rfy = du\ z'T^dx -}- z"Q"</y = du"; 

from which u' and m" may be obtained as in Art. (197). TheDy 
from Art. (209), z'U' and z"U" are also factors which will render 
the respective parts integrablc, U' and U" being arbitrary functions 
of u' and y'\ If, therefore, we can assign, by trial or otherwise, 
such values to U' and U" as to make 

the expression resulting will be a factor which will render the two 
parts integrable, and of course the given equation. 



Integration of Differential Equations containino thk 

Higher Powers of dy, 

213. Differential equations of the first order, containing the 
higher powers of </y, may arise, as in the third example of articlo 
(58), from the elimination of the higher powers of a constant 
Such equations, after division by dx\ may be put under the form 
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The determination of the primitive equation will then depend 

npon the solution of equation (1), or upon the division of the first 

member into its factors of the first degree. There are n sucli 

factors, and it is plain that each, when placed equal to zero and 

integrated, will give an equation between y and x which may be 

regarded as a primitive equation. 

dy 
If, then, the values of -^ be denoted by V, V, V", Ac, 

equation (1) may be written 

which may be satisfied by placing 

^_V = 0. g-V'=0. 4c.. ..(2); 



and if the corresponding primitive equations be denoted by 
P = 0, P' = 0, P" = 0, &c^ respectively, we shall have 

PPT"&c. = (3), 

for the most general primitive equation, particular cases of which 
may be obtained by placing P = 0, P' 2= 0, or the product 
of any of these factors taken two and two, or three and three, <S^v. 
It would appear, since a constant is to be added in the integra- 
tion of each of the equations (2), that (3) ought to contain n 
arbitrary constants; but equation (1) can only be deduced from 
its primitive equation by the elimination of the nth power of a 

constant: [Or by raising I- Vj to the nth power, in 

which case the primitive equation must be y = fYdx\ It is 
plain, then, that the constants added ought to be equal, or that 
the same should be added in each integration. 
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The n differential equations of the first degree which are factors 
of (1), are readily accounted for, by supposing the primitive equa- 
tion to be solved with reference to C, which will have n values, 
each of which, differentiated, will give one of the equations 
referred to. 

As there will be difficulty in the solution of equation (1), when 
the degree is higher than the second, it will be well to discuss 
some particular cases which admit of integration by other means. 



214. L If the proposed equation docs not contain y, and it be 

easier to solve it with reference to x than with reference to -f- . 

as 

which we will denot-e bv i*, wi> mn thcTi obtain 

\ 

I 

But dy = />//r, 

and by parts, article (169), 

y z=z px ^ fxdp =z pz — f(^{p)dp + C; 

whence, if (^(p)dp can be integrated, p may be eliminated by 
the aid of equation (1), and the primitive equation between z^ y, 
and C, deduced. 

II. If the proposed equation docs not contain x, and may be 
solved with reference to y, we shall have 

y =/ip) (3). 

dy = d/{p), or pdx = d/{p); 



whence 



P ^ P 
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GombiDing this with equation (3), and eliminating p^ a primitive 
equation will result between x^ y, and G. 

III. If the proposed equation is homogeneous with respect to 
the variables of the nth degree, we may make 

y = to (4), 

and then divide hj x\ and, if possible, solve the equation with 
respect to <, and have 

*=/(j') (6). 

Differentiating (4), we have 

(fy = a^< 4- tdXy or pdx = xdt + tdx^ 

dx __ dt _ df(p) 
X '^ p ^ t " p ^ /{pY 

the integral of which is 

Ix = (p{p). 

By combining this with (4) and (5), a primitive equation b^ 
tween y and x may bo obtakied. 

lY. When both variables enter, but y enters only to the first 
power, we may take its value in terms of p and ^, differentiate it, 
and thus obtain 

dy =: Bdx + Qdp; 
or, rince </y = pdx^ 

(B ^p)dx + 8dp = 0. 
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If this can be integrated, the result may be combined with the 
proposed equation, p eliminated, and a primitive equation between 
y and z determined. 

Suppose the deduced value of y to be 

y = px + P.; (6). 

in which P = /(jd). By differentiation, we obtain 

dy = pdx + xdp + -j-dp] 

dp 

or 

rfP 



(x + -)«f^ = 0, 



which may be satisfied by making 

* 

* + J=0 (7), or dp = (8). 

Equation (8) gives ^ = C; 

whence, by substitution in (6), 

y = Gp + C, 

C being what P becomes when ^ = C. 

Equation (7) expresses a relation between x and |>, and if it be 
combined with (6), and p be eliminated, an equation between x 
and y will result, which will contain no arbitrary constant. 

Let there be for a particular example 



ydx — xdy = n Vdx* + dy^ ; 
whence 

y = px •{■ n y/\ + p* (9), 



DTTEOBAL 0ALCULIJ8. 297 



dy = pdx + xdp + 



npdp 



Vl + !>•' 



*{' + v^^ = »' 



whence 



a? H r=~== = 0, (f> = 0, or jp = G 

This valae of p in (9) gives 



y = Qx + n VO-KC*. 
From the other factor we have 

;> = =t -7===, 

which, in (9), gives 

y« + ar« = n\ 

a result containing no arbitrary constant, which will be farther 
explained in the following article. 



SiNQXTLAs Solutions. 

216. It has been seen, that many differential equations of the 
first order result from the elimination of a constant from the 
primitive equation and its immediate differential. Thus, let 

/(x,y,C) = (1), 

be the primitive equation containing the variables x and y, and 
the constant C ; 
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Tdx + Qrfy = (2), 

its immediate differential equation ; and 

I 

P'iar + Q'dy = (3), 

the result obtained by the elimination of C from (1) and (2). it 
may now be asked : May not such a function of x and y be sob- 
itituted for C, that the result of the combination of equation (1), 
under this supposition, with its immediate differential, shall be the 
same as before ? To answer this, let equation (1) be differentiated, 
JT, y, and C being regarded as variables ; we thus obtain 

Tdx + Qrfy + C'</C = 0....(4). 

r 

Now, if C'dC = 0, it is plain that equation (4) will be the 
same as equation (2), and the result of the elimination of C be- 
tween it and (1), will then be the same as equation (3). 

If, then, for C in equation (1), we substitute the variable value 
deduced from the equation 

C'dC = 0, 

that equation will contain no arbitrary constant, and yet will be 
as much a primitive equation as any one containing the arbitrary 
constant. 

Such results are termed singular solutions^ inasmuch as they 
cannot possibly be obtained from the complete integral, Art (160), 
by assigning to the arbitrary constant a particular value ; the latter 
results being called particular integrals. 

The equation Q'dO =r can be satisfied, by making 

rfC = 0, or C = 0. 

The first gives C = a constant, the particular values of which, 
when substituted in equation (1), give particular integrals. 
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The values of C deduced from C = 0, if variable, will then 
give the only uBguIar solutions. 

To illustrate, let us resume the complete integral of equation 
(9), in the preceding article, 

y = Oc + n Vl + C (6). 

Differentiating with reference to C, we have 

_ . nCrfC 



whence 


M 


X + = 


,..(6), 

X 


and 

x^ + ar«C» 


Vl + c 

n«C>, or C = 



the negative value of C being plainly the only one which v^ill 
satisfy equation (6). Its substitution in (5) gives 






y = Vn* — x\ or y* + x^ = n\ 
the singular solution found in the preceding article. 



Integration of Deffeeential Equations of the Second 

Obdee. 

216. Of these equations, which, in their most general form, 

d^y dy 
contain ^-|, —, y, r, and constants, we shall only discuss 

those particular cases which admit of integration. 
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I. The proposed equation may contain only -r-^ , «, and cod- 



dx' 



d*y 
stantB ; in which case, solving it with reference to --r-^, we have 



S = /(')• 



which may be integrated as in article (103). 



217. n. It may contain only -j-^, y, and constants. Solving 
the equation as before, we obtain 






Multiplying by 2(fy, 



2(fy d^y 
dx dx 



= 2Yrfy, 



and integrating, 



^ = /2Yrfy + C or g = V2/Y4y + C; 



whence 



dx = 



dy 
V2/Yd^'+^' 



=/ 



Va/Ydy + C 



+ C. 
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Eeamplea. 

I 

1. If a*d*y + ydx* = 0, 

d*y y 2dy d*y ^ycfjr 

dF ~ ~ a*' 1^ 'dx ~ ?"' 



rhich may be integrated as in example (5), article (162). 
2. Let rf'y Voy = rfa?'. 



218. in. The equation may contain only -r-j, -^, and 
oonstantSi being expressed generally thus, 



'&• %) = ° (•)• 



<2tf d^y dp 

Make -p. = ^; then -— = -p, and (1) becomes 
ax dx ax 



<£") = "• 



J 
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which is of the first order with reference to (/p, and may be solved 
with reference to dx ; whence 

dx = FV)rfi>....(2), 9 z:z/¥{p)dp + C....(3). 

Multiplying (2) by p^ wie have 

pdx = dy = pF'{p)dp, V = /pW(j>)dp + 0'. . . .(4). 

Eliminating p from (3) and (4), we have the primi^ve equa- 
tion between x^ y, and the Jtwo arbitrary constant G and C 

For an example, let 

(rf»' + rfy')^ _ dx{\ +f>')* _ 

whence 



(1 +!>•)*' (i+i»')* 



Integrating the last two^eaqMmsioiM, we have 



^ = C + -^=^L=, y = C - 



^/\ + jp*' Vl + !>•' 



and eliminating j9, 



* i' 



« * 



(« - C)' + (y - C)' = «•, 

as was to be expected, since, the proposed equation ezpressea V ' 

constant radius of curvature. 

■ J --•*■■ / 

- ' . . ; ^ / ■ , . 
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819. lY. If tbe given eqaatioD does not oontain y, it may be 
expressed 



which is of the first order with reference to dp. Its integral will 
give an equation of the form 

in which, p being replaced by ^, and the result integrated, 

we shall have 

/(y, x) = 0, 

with two arbitrary constants. 
For an example, let 

dx* dx «' 



or 



dp ^ p dp ^ dx 

rfa? "~ «' * p ^ X* 

Ip =z Ix + C, p = C'x, 



dv Car* 

g = C'*, and y = ^ + C". 



S20. V- If the given equation does not oontain «, it may be 
expressed 

'd^y dy 



ny-s.') = « <')• 
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Since dy = pdx^ 



dx = 



dy d^y 



y _ dp _ pdp 
dx^ " d» ^ dy^ 



And equation (1) may be written 



F(f.,^,) = ., 



whicb is of the first order with reference to dp and dy. Its in- 
tegral will then be expressed 

F'(i), y) = 0, or F'(^. yj = 0, 



and this may be treated as in case 11^ Art (214). 



221. YI. Kthe equation be of the form 

Make y = e^** (2); 

then 

These valu^ in (1) give (since the common &ctor e^*^ die- 
appears) 

^ + «• + Xtt + X' = 0, 
ax 
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which is of the first order with reference to du. After integrationf 
the value of « being determined and substituted in (2), will grive 
the required primitive equation, 



Integbation of Differential Equations of Hiohkb 

Obdebs than the Second. 

222. Of these, it will also be sufficient for our purpose to discaai 
a few of the most simple cases. 

L Suppose the equation to contain only -j^^ ^J[ , and 
constants ; it znaj then be expressed, 

d^y d*-^i/ 



Make 



KS'£^) = ° w 



^=, = «; then ^ = 5. 



These valaes in (1) give 



^{% ") = '• 



which is of the first order ; and its integral will give « in terms of 
s, or 

and finally, 

20 



V 
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223. n. Suppose the equation expressed thm^ 

'(s.^^)=» » 

Make 

— = w, then . = -T— r. 

and equation (1) will become 

which may be integrated as in article (217), and the value of 
u =: f(x) determined; we shall then have 

^ = /(«), and y = /— /(«)ife— . 

224. ni. Suppose the equation to be of the form 

rf»y + Ad^ydx + Bdydx* + Dycte* = 0...(1). 
Make 

y = «• (2). 

« being an arbitrary function of x ; then 

dy = e*du, d^y = e"(rf»tt + rftt*), 

rf»y = €•((;»« + 3(ftirf»tt + du»). 
These values in (1) give 

rf»t* + 3rfurf«u + rftt» + A(rf*u + du'^)dx 

+ Brftirfa:* + Drf«» = (8). 
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Since «, in equation (2), is arbitrary, let such a value be 
assigned to it, that its differential shall be constant ; in which case 

du = mdx^ d^u = 0, d^u = 0. 

Equation (3), under this supposition, reduces to 

m« + Am* + Bm -f D = (4). 

From this equation we may determine the value of the constant 
VI. Denoting the three roots by 

we have for du the three values 

du = mdz^ du =r m'dx^ au = m"dx\ 

whence 

tt = fiM? + C, « = m'x 4- C, ti = m"x -f C", 
and 

or, calling 

e^ = C, c^' = C, «^" = C", 

y = a-, y = C'*-", y = C'f*"'. 

But since these values of y each contain but one arbitrary con- 
stant, they must be particular cases of the general value of y, 
which must be of such a form that cither of the above particular 
values can be deduced from it; that is, 

y = O- 4- C'e-" + Ce-"', 
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from which the first particnlar value is deduced by makiog C and 
C" = ; and in a similar way, the others. 

If two of the roots iw, m', m'\ are equal, that is, if m = m', 
we should have the equation 

y = (C -f C')e- + €"«-"' = O- + C"«""', 

containing but two arbitrary constants, C -h C' being denoted 
by C. It is not then general. But in this case, y = Ce"*, 
being a particular valuq, 



y = Care- 



er) 



rill be another ; for, differentiating it, we have 









dy = C'e"*(l + fnx)dx. 



• ■ * 



ii.^ 



J* /i • i 



rf»y = C'e"'(2m -f m\x)dx\ 
d*y = C'e~(3m* -f m*x)dx\ 

and these, substituted in equation (1), give 

(m» + Am'-fBm -f D)a; + (3m»-f 2Am + B) = 0....{6). 

But the coefficient of x is the same as the first member of equa- 
tion (4), which has two roots equal to m; and 3 m* -f 2 Am -|- B 
is its first derived polynomial, which, when placed equal to 0, must 
have one root equal to m (see Algebra) ; hence both terms of (6) 
are 0, and y = Core"* satisfies the given differential equation^ 
and must therefore be a particular value of the gcneml one, 

» 

If m = m' = m", it may be shown also by trial, as aboYey 
that 

y = C"a:««~ 



'*■ V 



• I . 






r 



■•* 
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18 a particular value ; whence the general value must be 

y = «~(C + C'« + C"«»). 

Two of the roots may be imaginary ; but, as the discussion in 
this case is quite complicated, and of little value to the student, we 
omit it 

To illustrate the above, let 

d^y + 2d*ydx — dydx* — 2ydx* = 0. 

Comparing this with equation (1), we have 

A = 2, B = - 1, D = — 2; 

and equation (4) becomes 

m* + 2m* — m — 2 = 0; 
whence the three values of m are 

— 2, 1, and — 1, 

i 

and the general value of y is 

y = 0-»- + C'e' + C"c-*. 



225. It is plain that the preceding principles can readily be 
extended to the general equation 

d*y + Ad^-^ydx -f Be?— *y^^*— •-+ Myrfar* = 0, 
and that the general value of y will be 

m 

y = Of- + C'e-" + C"tf-'" + Ac. 
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226. If the equation be 

d^y + Xd^ydx + X'dydx^ + T'ydx^ = 0...{1), 

in which X, dsc, are functions of x, the difficulty of integration 
lA much increased. If, however, we know three particular values 
^ y\ Cy'j CV'i C'y'"i each of which will satisfy the given 
equation, then the general value of y will equal their sum, that is, 

y = c/ + cy + c'Y' (2). 

To verify this, let equation (2) be differentiated three times, and 
the proper values substituted in (1); we shall thus obtain 

C(rf«y' + Xd^y'dx -f Xyy'dx' -f X^y'dx^) 
-h C'{d*y'' + Xd'y'^dx -f X'dy"dx^ -f X'y'rfa:") \ - 0, 
+ C"(rf«y'" + X(i»y'"^-« + X'dy'^'dx' -f X"y'"rfjc>) ^ 

which is satisfied, since each of the three terms is, by hypothesis, 
equal to 0. 



227. The above demonstration can be generalized, and a similar 
result obtained for the equation 

rf*y 4- Xd'^-'ydx + yX<— »>'(/«• = 0. 

This, and the equations discussed in the three preceding articles, 
belong to the class termed linear. See note to article (205). 
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Intbgbation of Pabtial Differential Equations of the 

FmsT Obdeb. 

228. A partial differential equation of the first order, derived 
from an equation between the three variables z, y, and 2, z being 
regarded as a function of x and y, contains, in its most general 
form, the three variables, the two partial differential coefficients, 

d.z dz 

-7- and — , and constants. Without attempting to discuss 

the most general, we will confine ourselves to a few of the most 
simple cases. 

L If the equation contains but one partial differential coefficient 
and the two independent variables, ttjat is, if 

P being a function of x and y ; we integrate at once as in articU 
(195). For example, if 

dz X t 



dx 



Var« -f y«' 



2!to. n. Let the equation be 

dz 

R being a function of the three variables. Since the partial dif- 
ferential coefficient has been obtained uiider the supposition that 
y is constant, the proposed equation may be regarded as a differ- 
ential equation between z and r, and may be integrated as in 
article (201), taking care to add an arbitrary function of y. 
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EenmpUs. 



dz Vy* — «• 



1. Let 

ax 



By the separation of the variablcsi we have 

, zcbs 
xdx = -; , 

Vy' ^ »• 

aod by integration, 

y = - Vy« - «• + «)(y>. 



dx y* + « 



230. IIL Let the equation be 



•• 



% 



dz , ^ydz 

5^ + ^5- = 0, 



If and N being functions of x and y. 

dz 
Solving the equation with reference to -r-, we have 

dz ^dz 

<f y "~ M rfa? * 

But, since 2 is a function of x and y, 

dz dz 

dz =: — dx 4- — dvi 
dx ^ dy^* 
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or. by the substitation of the value of -r-, 

ay 

If S be the factor which will make Mc^o; — Ncfy integrable, 
we may write 

S {Udz - Nrfy) = rfti, 



which, in (1), gives 



1 dz 



1 dz 
to satisfy which, it is only necessary that oluf ^ — ^l*)* 

whence 

dz =:.F(tt)dii, z = 9(t*)f 

the form of this fdnction being arbitrary. 



Examples. 

Mflb — N(/y = xdx + yrfy, 
which is made integrable by the factor 2, and we have 

x'^ + y^ =z tt, and z = 9(«' + y'), 
which is the general equation of a surface of revolution. 
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which may be integrated by the aid of the &ctor —^ ; whence 






X 


= «, 


and 


<; 


7 


.^r. r 


* 













= '{?)• 



.-<: 



ApPLIOATION of the CaLCULITS to the DETEBMmATION OF 

CuBVES WITH Pabtictjlab Pbopebties. 

231. By means of the preceding principles, we are often ena- 
bled to deduce the equation of a curve which shall possess a 
particular property. 

I. Let it be required to find a curve whose subnormal shall be 
constant. The constant being denoted by a, we place the general 
expression for the subnormal, Art. (85), equal to a, and have 

dy 
y-^ = a, whence ydy :± adx\ 

and integrating, 

|- = oo; -f C, y« = 2(u: + 2C, 

the equation of a parabola. 

II. Find the equation of a curve whose subtangent is constant 
Place 

dx dy 

y-j- = a, whence a-^ = dx, 

dy - y 
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aly = «, or a? = log y + C, 

the equation of a logarithmic caire, the modulus of the ttyatem 
being a. 

III. Let problem I. be generalized, and let it be required to find 
a curve whose subnormal shall be a given function of the abscissa, 
denoted by X. Then 

y^ = X, ydy = Xdx, 



,9 



2/Xdx. 



X* 



As a particular case, let X =? — . Then 

a 

/x* 2 X* 

a 3 a 

IV. Let problem II. be generalized in like manner. Then 

<fa? „ dx dy . pdx 

^Ty^^ X=y '^=yX- 

As a particular case, let X = 2t. Then 



Sty = & 4- 2C, /y« = iar + 2C; 

or, denoting 2C by /C, 

fy« = '/Car, y« = €'«, 

the equation of a common parabola. 



\ 



« 
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V. To find a curve whose normal is constant Place the gei>* 
oral expression for the normal, Art (85), 



whence 

and by integration, 

- (a» - y«)* = a: + C oi a« - y« = (a: + C)*, 
the equation of a circle. 

VI. The curve whose tangent is constant may also be found bf 
placing 



and this probliem and the preceding may be generalized as in 
problems III. and lY. 

VII. Required to find a curve, such that its normal shall be a 
mean proportional between a given line and the sum of its abscisaa 
and subnormal. 

We have at once from the conditions, 

2 a denoting the given line. Solving this with reference to -r-, 
Art (213), we have, for the first value. 



/ -> 



■. ^ S '• X«- , 






A 



■'( ./ 






\ • 



i. 
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whence 



dy a /a* 2ax \^ 

dx y Vy* y* / 



2adx — 2yrfy 

= — dx. 



2(a« + 2ar — y*)^ 

The integral of the first member is evidently the radical in the 
denominator, Art. (25), and wo have 

(o» + 2ax — y*)i = - ar + G, 
or 

a* -f 2aaJ — y* = (C — «)•, 

the equation of a circle. 



232. Let it be required to find a curve which shall intersect, at 
a given angle, a class of curves whose equation contains but one 
arbitrary constant 

Let the general equation of the class of curves be 

y' = /(",*') (1). 

a being the only arbitrary constant ; by assigning values to which, 
in succession, the particular curves arc determined ; and let x and 
y denote the co-ordinates of the required curve. Then if T denote 
the tangent of the angle at which this curve intersects each partic- 
ular curve, we have 

in which p and p' are the tangents of the angles which the 
tangents to the curves, at their point of intersection, make with 
the axis of X. , . 

y , .. — ^ / 

,-■ .. - • ■ 

J'" ']»' ■' -z ' * . ' 
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If the given equation be differentiated, and the expression for 
j9' be found and substituted in (2), and then the result combined 
with (1), and a be eliminated, the final equation will belong to no 
one of the particular curves more than to another. If, in this 
equation, x' be made equal to r, and t/' = y, since for the point 
of intersection of the curves these variables are equal, we shall 
have the differential equation of the required carve. 

1. Let the equation of the class be 
y' = oar' (3), whence ^ = a = /)'; 

and let the angle be 45°, in which case T = 1. 
Substituting these in (2), and reducing, we haye 



-p — a = 1 + a J-. 
ax ax 



Eliminating a by substituting its value taken from equation (8), 
making at the same time x' = «, and y' = y, we have 



dx X X dx 



This, being homogeneous, may be integrated as in Art (203) 
or Art. (211), and we shall obtain 



^V^+^^ y 



If in this we put for or, r coe v, and for y, r sin r, by which 
the reference is changed to the system of polar co-ordinates, w 
have 



> 



/ ' 
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X 



l^ = tan-' (tan v), or /g = v, 



the equation of a logarithmic spiral, Art (143). 
2. Take the parabolas given by the equation 

y" = »»«' (4), whence ^ = ^ = />', 

and let it be required to find the curve which cuts these parabolas 
at right angles. In this case T = oo , and we must have 



/ 



dv dv' 
l+pp'=0, or 1+^^, = 0. 



Substituting the above value of p\ we have 



1 + ?^ = 0. 
2y' 



Eliminating m by equation (4), and making y' = y, 



1 + ^^ = 0, or 2xdx + ydy = 0. 



^ Integrating, 



jr» + ^ = C, or 2«* + y« = 2C, 

9 



the equation of an ellipse. 



320 INTEORAL OALOULUB. 



Rectification of Cubyes. 

233. The rectification of a curve is any operation by which the 
measure of its length is obtained. 

In article (90), we have shown how to find an expression for 
the diflferential of an arc of a plane curve, in terms of either vari- 
able and its differential. If this expression can be integrated, we 
can, by its integration, obtain an expression for the curve itself. 
From this results the following simple rule for the rectification of 
any plane curve : Deduce, us in Art. (90), an expression for th^ 
diffvrential of the arc^ in terms of either variable and its differential, 
and inlet irate the result. We shall thus obtain an expression for 
an indefinite portion of the arc. For the length of a definite 
portion, take the integral between the limits designated by those 
values of the variable which correspond to its extremities, Art 
(100), and the numerical value of this expression will bo the 
required measure. 



234. The curves represented by the general equation 



■» 



y- = px' 



9 



in which m and n are entire and positive, are called parabolaa. 
This equation can be written 

JL * 
y = p'^x^ = p'x' (1). 

By differentiation, we have 

dy = rp'x'^^dx. 

By substituting this in the expression 
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dz = Vdz* + dt/\ 
and indicating the integration, we have 

z = /Vdx* + c/y« = /dx{l + rV«««'-«)* 
This admits of an exact integral, when either 



2r — 2' 



or 



(27^:^2 + 2)' 



18 eqnal to a whole number, Art (1^6) ; and a general ezpreasion 
for the length of the curves may thus be foond in terms of x, 

I^ in equation (1), we make r = -, we have 

y = p'x^y or y* = i>'*«*f 

which is the equation of a cubic parabola. In this case, 

t = fdx(l + ?p"*)i = 277^(1 + j/'*)* + C. 

If we wish the length from that point whose abscissa is a, to 
that whose abscissa is 6, we take the integral between the limits 
« and b. 

Let us, however, estimate the arc from the vertex, or suppose 
the origin of the integral to be at the point where a; = 0, Art 
(160) ; we then have 

27^? ■ 27y 

whence, denoting this particular integral by z\ 

21 



322 INTKGRAL CALCULUS. 

for the length of any arc from the vertex to the point whose 
abscissa is x. 



If r = -, we have 

y = ;)'a?», or y* = p'^x^ 



the equation of the common parabola. In this case, 



z 



= /dx{l + \p'*x-^)i =Ji/tl^-lildx, 



which may be made rational, and integrated as in Art (1^2). 

236. The length of the common parabola may also be deter- 
mined in terms of y. By differentiating the equation 

y* = 2;u:, 
T e obtain 

2ydy = 2pdx^ dx = — . 

This value in the expression z rz J* Vdx* + dy\ gives 



= /rfy/l + ^] = l/dy{p' + y')* 



which, by formula B, may be reduced to 



^ _ yVp' + y 



2t/ -lAt J. .,t' 



2i? 2^ y^t + yl 

But 




^t^r^^^*JL'^:=a*^y 



^y ^ ¥^ eri: , 



<txyy^ vt^^/t'^ 



/*-^A*-*^^,^/ 







^«^ 




/^^-ky^c^ 









'.Y^-'^-J 










236. For the arc of the circle, we have, Art (90), 

which can he expressed hy a series^ and the length of z determined 
approximately. 

Differentiating the equation of the ellipse, we deduce 



rfy = 



a*y 



whence 



>., a/ . h^x* 1 pdxVa* - (a* - 6*)a? 



which can only be expressed by a series. 



\ 



r« ^ 



y = 2j«v 



Te obtain 



^ydy = 2jpdx, 



dx=.yJi 
p 



Hii8 value in the expression « = /V^r^T^, 



gives 



' =/dyVl + y.* _ 1 



^hich, by fonnula B, may be redaced to 



e = 



Bat 



y^-p' + y . p /• ^ 



2p 
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dy 



f , y = /(V7M^" + y)....Art.(173); 

hence 

. = y^+^ + |/(V>-M.-7 + y) + C. 

If we estimate the arc from the vertex, where y = 0, we have 
= |/p + C, or C = - |/p; 
and finally, denoting the particular integral by z\ 



236. For the arc of the circle, we have, Art (90), 

which can he expressed by a series, and the length of z determined 
approximately. 

Differentiating the equation of the ellipse, we deduce 



b*x 

dy = »-dx; 

ay 



whence 



^^ ./ , b*x* 1 /*dxVa^ - (a* - b')x* 

= fdxV 1 + -—z = - / ^ ^—, 

^ ^ a'y* aJ -/«• - art 



which can only be expressed bv a series. 
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237. The differential equation of the cycloid, Art (131), ii 



dx = 



V^rtf — 



By the snbstitation of this valae of dx^ we obtain .-^ v/ ^ ^ 

(t^j-'T 

whence, article (158), 

z = — 2 'v/2r(2r — y)i + C = — 2 \/2r(2r — y) + C. 

If we estimate the arc from the point D, where y =z ^r^ we 
have 



L f 




= + C, 



or 



C = 0, 



and 



A S 



2'*= DM = - 2'v/2r(2r - y)....(l). 



From the figure we see that 



hence 



DF = VDC X DH = \/2r(2r — y); 



DM = - 2DF, 



or the arc is equal to ttpice the corresponding chord of the generating 
circle. 

If in equation (1) we make y =r 0, and denote the definite 
integral by z'\ we have 

«" = DMA = - 4r = - 2DC5, 









as in article (135). 
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238. For the rectification of the spirieJs, we take the expression 
in article (138), 

dz = Vrfr* + r^dv\ 
By differentiating the general equation r = av\ we deduce 

whence, by substitution, d^c. 



z = fav—^dv Vn* + v* (1), 

1 

For the spiral of Archimedes, Art (140), n = 1, a = -— , 

and the expression becomes 

z = —fdvVl + v\ 

and the particular integral estimated from the pole may be ob- 
tained by placing 1 for />, and v for y, in the expression for z\ 

in Art (236) ; whence, after multiplying by -— , 

«'=-!(» vi + v) + i{VrT^ + v). 

For the hyperbolic spiral n = — 1, and expression (1) 
becomes 



z = afv-^dv Vl + v\ 

For the logarithmic spiral, when M = 1, we have 

{ 

V = /r, <f V = — ^ 



8 =i/drV2 = rV^ + C; 



/- 



n .■■ 



■:/ •-?■ 
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or, estimating the arc from the pole, where r = 0, we haTe 

«' = r \/2, 
or the diagonal of ike square upon the radius vector. 



QUADRATUBE OF CuBYES. 

239. The quadrature of a curve is the operation by which the 
measure of the area limited by it, is determined. 

To determine the area limited by the curve and either of the 
co-ordinate axes, we find^ as in article (92), an expression for the 
differential of the area in terms of one variable and its differential^ 
and integrate this. The result will be a general expression for an 
indefinite portion of the area. For a definite portion, we take the 
integral between the limits designated by those values of the vari- 
able belonging to the extremities of the limiting curve. The 
numerical value of this will be the required measure. 

240. The value of y, taken from the general equation of parab- 
olas. Art (234), is 

y =y^' (1), 

which, in the formula ds = y<f j, gives 

* = fp'x^dx = ^-^ + C. 

If we estimate the area from the origin, where jt == 0, we 

have 

C = 0; 

whence 

r -i- 1 r + V 



\ 
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that is, the area of a portion of a parabola, included between the 
curve, the axis of X, and any assumed ordinate, is equal to the 
rectangle of the ordinate and corresponding abscissa, divided by 
r + 1. Hence this portion of any parabola is always commen- 
surable with this rectangle. 

The same result may be obtained otherwise, thus: The value of 
from (1) is 

X = -^j- whence dx = j— , 

p'^ rp'' 

ft 
and this, in the formula, gives 



1 
prdy I J^Ux yx 

before. 



For the common parabola, we have r = - ; whence 



f y* 2 
. = ^ = 5.. 



For the cubic parabola, r = - ; whence 






241. The value of y taken from the equation of the eUipee 
referred to its centre and axes, is 
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O ' 



hence 



« = -/(a« - «*)*rf«. 



By formula B, we have 






Bat 



dx 






V« 



whence, finally, 



* - ,« ^ ^t . «^»;^-i^ 



« = —-ajVa' — jj* + — Bi»"' — h C. 
2a 2 a 




we have 
for a; = 0, 



Taking the area between the limits 
X = 0, and a; = a, 



a6 
« = ~ain-»0 + C = C; 



for a; = a, 



« = -- sin-' 1+0 = —- + C; 
2 2 2* 



and for the difference, or definite integral, 



»" = ^TT = CDB = 1th of the ellipse; 

4 4 



hence the entire area is 7ra5. 
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If a = 6, the ellipse becomes a circle, of which a is the 
radius ; whence the area of the circle is 

Tra* = TT (radius)*. 
The same result may be obtained by taking the valuo 



y = V2llr — «'; 
whence 

for the area of an indefinite portion of the circle. 

242. In order to find an expression for the area of a portion of 
the hyperbola, it will be best to take its equation when referred to 
the centre and asymptotes, 

xy z=^ m\ 

and, since the asymptotes are oblique to each other, we must use 
the formula deduced in article (92), 

d9 =. BinlSydXj 

S being the angle included by the asymptotca. 



The value y = — 

^ X 



being substituted in the formula, gives 



ds = sinj3 ; whence a = einPmlx + CL 
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If we call the distance CB = 1, and estimate the area from 
the ordinate AB, for which x z= l^ we have 




m = 1, 



and 



C = 0; 



wheiu^ 



a' = wnpix] 



or, since sin may be regarded as 
the modolus of a new system of log- 
arithms, we. have 

«' = logar; 

or, the area between the curve and asymptote^ estimated from the 
ordinate of the vertex, is equal to the logarithm of the abscissa of its 
extreme point, taken in a system whose modulus is the sine of the 
angle made by the asymptotes. 



243. The value of dx taken from the differential equation of the 
cycloid, and substituted in the expression s = fydx, gives 



=/ 



V^ry — y»' 



which can be reduced by formula E, and finally integrated. 

A more simple method, however, is to obtain directly the area 
ALD. If we denote P'M = 2r — y by sr, we shall have 



i; V 




rfALP'M = ds = zdx, 



or 



A i 



ds = (2r — y)dx = dyV^ry — y'; 
c whence 



INTEGRAL OALOULITS. '881 



8 = fdy y/lry — y». 

Bnt this is evidently the area of a portion of a circle whose 
radius is r, and abscissa y, Art (241) ; that is, the area of the 
segment CFH. If we estimate these areas, the first from AL, 
and the second from the point G, they will both be 0, when 
y = 0; the arbitrary constant to be added in each case will 
then be 0, and we have 

ALP'M = CFH, 

and when y = 2r, 

ALD = CFD = ^'. 

2 

But the area of the rectangle 

ALDC = AC X CD = 7rr.2r = 27rr«; 
hence 

area AMDC = ALDC - ALD = |^« 

double of which, or the area included between one branch of the 
cycloid and its base, is equal to three times the area of the gen- 
erating circle. 

From this we see, also, that the area included between one 
branch of the cycloid and its base, is equal to three-fourths of the 
rectangle described upon the base and axis. 



244. For the logarithmic curve 



V 



y = logar; 
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If we esdnute from the point B, where 
jT = 1, we hare 

= -M + C, C = M. 

and 

• = Jrlogx — Mr + M. 

If we take the area included between the caire and axis of T, 

or, estimating from the line AB, for which x = 1, 

C = — M; whence «' = M(x — 1). 
If X = 0, we have «" = - M = area Y'ABM'. 
If x = 2, «* t"=M = areaABMS'. 

245. llie curve given by the equation 

F to which, as in the figure, the axes of co-ordinates 
^ ^ ^ are asymptotes, presents a similar case. 

By difrcrentiiilidh, we obtain 
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whence 

2dy 2 



J v' V 



EBtimatiog the area from the line AY, where y = oo , we have 



and 



= — + C, C = 0, 

00 



/ = ^. 



By making y = 1 = MP, we have 

«" = 2 = APMD; 

that is, the area APMD is finite, and equal to twice the square 
APMC, although the curve does not touch the axis of T at a finite 
distance. 

If we take the area hetween the* limits y = l* and y = 0, 
we have 

areaFMPX = H-2 = «. 

246. For the quadrature of spirals, we take 

T^dv /*T^dv 

ds = —^. . . .Art (138), or * = / — o"*- • • •(!)• 

The value of r' taken from the general equation of spirals. Art 
(139), is r* = a*v*\ This, substituted in formula (1), gives 

~2~ = 4^-+^ + ^' 



i 
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Estimating the area from the pole, where v =z when n is 
positive, and go when n is negative, we have, in all cases except 
when n is negative and namcrically equal to or less than ^, 
C = 0, and 



««»• + ! 



«' = 



a'v 



4n + 2 



For the spiral of Archimedes, n = 1, and a = — ; whence 



8' = 



24 7r 



f 



If in this we make t; = 27r| we have 



' 3' 



which is the area PMA included within the first spire, or that 

described by one revolution of the radius 
vector. Since PA = 1, tt represents the 
area of the circle PA ; hence 



area PMA = - of the circle PA 

S 




If v = 2(27r), 



we have 



,.. ^ i^y - ? 



247r« " s""' 



which is the whole area described by the radius vector during two 
revolutions. But it is plain that, during the second revohition, the 
part PMA will be described a second time; hence, to obtain the 
area PAM'B, we must subtract that described during tlie first 
revolution ; we then have 
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PAM'B = ?7r - Itt = In; 

and in general it will be seen, that by each revolution of the 
radias vector, the .area before described will be increased by the 
area from the pole out to the last spire ; hence, to obtain the area 
from the pole out to the wth spire; from the whole area described 
during m revolutions, take the area described during w — 1 
revolutions ; or take the integral between the limits 

V = (m — l)27r, and -v = in2n^ 

which gives 

(m27r)» _ [(m - l)27r]» _ m» - (m - 1)» 
247T* 247r« "" 8 ^' 

The area terminated by the {m + 1 ) th spire is then 

(m + l)» — m\ 



^. 



and the difference between the two expressions gives the area 
incladed between the mth and {m + l)th spires, thus 

(m + 1)» — 2m« + (m — 1)« 

2^^ — - — ^ -^ ^7r = 2m7r = in.27r. 



If m = 1 in this expression, we have the area included 
« between the first and second spire equal to 27r; hence, in general, 
the area between the mth and (m + l)th spires is equal to m 
times that included between the first and second. 

If the area ^AC be required, AC being a portion of the second 

27r 
spire corresponding to the arc AD = — ;-, we should have, for 
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the whole area generated when the generating point has arrived 

at C, Bince v = 27r + — p, 

n 



._(--^)' 



« = 

24 tt' 



from which subtracting the area PMA, we have 

APC - ^ "" "' / (2'^)' _ '' A . 1 4. M. 

or, if we call AP (which has been regarded as unity), B| 

APC = ^(l +1, + J-^)r\ 



1 27r 

If AC = - circumference = -— , then n' = 4, and 
4 4 



^^ - H^ * \ * >•■ 



For the hyperbolic spiral n = — 1, and the general value 
of »' becomes 






which is infinite when v = 0. For the integral between tha 
limits t) = 6 and v = c, we have 

a'/l 1 



2\6 c/- 
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In the logarithmic spiral, when M = 1, 



V = Ir, dv = — , 

r 



/r*dv /•rdr r* . _ 



or, estimating from the pole, where r = and C = 0, we 
have 

that is, equal to one-fourth the square described upon the raditu 
vector of the extreme point of the curve. 



Area of Cubved Sukfaces. 

247. L Of surfaces of revolution. In article (93), we have 
fonnd, for the differential of the area of a surface of revolution, 
du =: 2iTy Vdx* + fl^y' ; whence, for the indefinite area, we have 



u = /27ry Vdx' + rfy« (1), 

the axis of X being the axis bf revolution, and Vdx* + rfy* 
the differential of the arc of the generating curve. 

The indefinite area of any particular surface will then bo ob- 
tained by deducing^ as in Art, (93), the expression for the differen- 
tial of the surface^ in terms of one variable and its differential^ and 

integrating the result, 

22 



388 



uttbqbjx cuixnjLua. 



248* Let the line AC, by its revolution about AB, generate the 

surface of a right cone. The origin of 
co-ordinates being at A^ the equation of 
AC is 

y = ax\ v^hence dy = adx^ 




and 



u = /2naxdx Va* + 1 = naxWa* +1+0. 



Estimating the area from the vertex, where ;r = 0, we 1mvv« 
C = 0, and 



u' =. irax*Va* + 1. 



Making x = AB = A, we have the area of the eoiie wboM 
altitude is hj and the radius of the base 60=^^ 



tt" = irah* Va* + 1 ', 



or, since a = t-i 



27Tb Vb' + h* „ .AC 
2 2 ' 



Uiat is, the eireum/erence of the base into half the side. 



249. From the equation of the circle, we have 

y = V2Hx- X', ~ dy = (^^ijOf?, 



The surface of the sphere is then 
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« = f^nyyax* + ^ ^ = /27riWar, 

or ' 

u = 27rRr + C. 

Taking the area between the limits ;r = 0, and x = 2 R, 
we have 

u" = 47rR' = four great circles, 

250. From the equation of the ellipse, we have 

y = -Va« - x\ ♦ dy = -^ ^^^» 

whence, for the area of the ellipsoid of revohition, % 

2nb 



u =J^l!^dxVa' - (a* - *')*• 



a* y '^ a* — b* • 

or, placing ?^ Va* - 6» = C, and ^, ^ ^, = R'\ 



But yrf« V^R'* — a:* = area of a circular segment whose 
radius is R', and abscissa ar, Art. (92). Integrating this between 

the limits x =: 0. and x = CB = a, & 
and dalling the segment CBFG = D, 

we have /'' ^^— -t---^ 

1 , / ./'"l^^x 

tt" = CD = - area of ellipsoid. g — -^ i — ■ — ^— 



«^ 



■A- 



^ ^ ^ (^ V 



^ ^' ^^"\jf^ ^ ^fy*^^'^ ':^ - J ^7 /7? 



< 
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If a = 6 in the primitive valne of u, we shall hare 

tt = J'2nadx = 2nax + CS, 

for the surface of the circnmscribiDg sphere. 

Let the area of a paraboloid of revolution be determined. 



251. By the substitution of the value of dx^ Art (237), in the 
general expression for tf, we have for the surface generated hj the 
revolution of a cycloid about its base, 

u = 2iTV2r/t/tiy{2r — y)"*. 

Placing 2r — y = 2, and integrating as in Art (159), we 
have 

u = 27r-/27r- 4r(2r - y)* + ?(2r - y)*j + C. 



Taking the area between the limits y = 0, and y = 2r, 
we have 

/, 32 , 
3 ' 

for one-half the surface. The whole is ^^ the area of the p«fi- 
eratinff circle. 



' 252. II. Of curved surfaces generally. In article (150), we 
have found, for a partial differential of the second order of a 
surface, the expression 



... = .^,i/r7(|)' + (,^y 0). 
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If we differentiate the equation of any surface, first with refer- 
ence to one independent variable, and then with reference to the 
other, and find expressions for the partial differential coefficients 

dz dz . * 

-7- and y-, in tenns of x and y^ and substitute in (1), and 

then integrate between proper limits, we shall obtain an expression 
for a definite portion of the surface. 

For the sphere, we have 

«• + y* + 2' = R'; 
whence 





dz 
dx 

dz 

dy 


= 


X 

z 

_ y 

z 


_ - 


• X 






VR* - 

• 


y 


-y^' 




VR* - 


X* 


-y»' 


1 


+ ( 


dzy 


r + 


(ty = - 


R 



and 



dy/ Vr^ 



/< "Bdxdy 

i/R« — «• — t/«' 



X' — y 



Making VR* — y* = R', and integrating with reference 
to x^ we have 



= -^«"^<"""'7!P%=? ■''')• 
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Taking the integral between the limits 




or = 0, and » = e«' = VB* — f\ 

we bare 

u = /Rrfy|. 

Integrating again with refeience to y, we 
have 

« = _y + C 
and between tbe limits y = 0, y = R, 

" =-2-' 
for one-eighth of the snr&ce. The entire surface is then 



CUBATUBE OF VoLUMES. 

253. The cubature of a volume is any operation by which the 
measure of its contents is determined. 

I. 0/ volumes of revolution. For the differential of a volume of 
revolution, we have found, Art (94), 

dv = Try'rfx; whence v = fny^dx. 

For the cubature of any particular volume, we findy as in Art, 
(94), an expression for its differentia I ^ in terms of one variable and 
its differential^ and then integrate; the result of the integration will 
be an expression for an indefinite portion of the volume. 
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264. Let the rectftDgle ABCD revolve about AB and generate 
a right cylinder. The origin of co-ordinates 
being at A, the equation of DC will be 



y = AD = 6, 



then 



V = /7n/*dx = /nb*dx = irb^x + C. -t 




= AB = A, 



Taking this between the limits x =: 0, and x 
we have 

v" = TT&'A = the base into the altitude. 
.265. The equation of the ellipse gives 



y« = -,(«•-«•); 



whence, for the ellipsoid of revolution, 

Estimating the volume from the plane through the centre per- 
pendicular to the transverse axis, we have ;r = 0, C = 0, and 




/ 7r6»/ , x^\ 



Making 4; = a, we obtain, for one-half the volume. 



J 9 



= ^{--t) = 



3 ' 



and for the whole. 



. 
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4 2 

-7r6*a = -7r6* X 2a; 
3 o 

OTi e^o/ to two-thirds of the circumscribing cylinder. 
If the same ellipse revolves about its conjugate axisi we hare 

V = fi^x'dy = /7r^(6« - y*)dy, 

which, between the limits y = — 6, and y = &, gives 

4 2 

v" = -Tra'ft = -Tra* X 26. 
o S 

The latter volume is called the oUate spheroid^ and the former 
the prolate spheroid; and we have the proportion 

4 4 

the prolate : the oblate :: -Trfi'a : -7ra*6 :: 6 : m 

If in either expression a = 6, we have 

4 

-Tra* = volume of a sphere. 

Let the origin be now taken at A, when 

and the volume be determined. 

Give also the cubature of a sphere directly, by using the 
equation 

y« + «• = Ii\ 
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266. Give also the cubaturca of the following volamcs of revo- 
lotion : 

1. The right cone^ v" = base X }^ of altitude. 

2. The paraboloid, v" = \ cirenmscribing cylinder. 

3. The volume generated by a given portion of the common 
pftrabola revolving about the tangent at its vertex, 

v" =z ^ cylinder with same base and altitude. 

4. The volume, the bounding surface of which is generated bj 



?'~ /-.c V -^ -' 



the curve whose equation is y' = -. 

5. The volume, the bounding surface of which is generated bj 
one branch of the cj^cloid revolving about its base. 

257. !!• Of volumes hounded by any surface. We have found 
in article (151), for the partial differential of a volume limited bj 
a surface and the co-ordinate planes, the expression 

rf'v = zdxdy (1). 



To obtain an expression for the volume, we have simply to 
deduce from the equation of the bounding surface the value of z 
in terms of x and y, substitute it in (1), and then take the integral 
between proper limits. The result will be an expression for a 
definite portion of the volume. To indicate the process, we place 
equation (1) under the form 

Integrating with respect to y, 



s> 



A 



nmoBAL ouoDLin. 



- = /.ij + X. 



From thu, 



dv = dx/tdy + 'Sds, 

iDtegiating witli reference to x, 

« =/dxftdy +/Xdx', 

or, Art. (196), 

V = ptdxdy + /Xrf* + T. 

Tbe iDtcgra) ft dy + "K ia evidently the srea of one of tbe 
parallel ftections c£M(f', Art. (239). To 
obtain the whole volume represented in 
tho figure, ne imut first take the inte- 
gral between tbe Hmita y = 0, and 
y = bd', this valae of y being that 
deduced in terms of x from the equation 
of tbe cnrve Yi/'X, and thon the seeond 
integral between the limits z = 0, 
and X = AX. 

To illustrate, let db determine the 
e of tbe pyramid ABD-C; the equation of tbe plane BDC, 







« + 2y + S 



: 0; 




AD = 1, AC = 2, AB = I, 

o 



Integrating wiffe respect to y, 
or, takiDg the integral between the limito 

X 

y = 0, and y = W = 1 — -, 



. *' X* X* . 

1-X + - Z-J + - 

* = /</* 5 = -, + C. 



Taking this between the limita 

a; = 0, and « = AC = 2, 

we obtain for the volume, 

= BAD X ^AC. 



258. As the first integral with respect to y will often be c<»n- 
plicatcd, it will be better, if possible, to obtain directly an expression 
for the area of the parallel section as dMd', in terms of t, multiply 
this by dxj and then integrate between the proper limits ^ = 0, 
and X = AX. Thus, for the elliptical paraboloid (see Analyt. 
Geometry) whose equation is 
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by making first y = 0, and then z = 0^ we have, for any 
section at a distance x from the plane YZ, 







V/ / 



B 



Z = 



|/E2 



= H 



n 



w, 



and for the area of the entire sectioDy 



m!'x 



nbd X W = TT — = 

Vnp 



Multiplying this by (for, we have 

rfv = TT — t:^-* and 
Vnp 



7rm"x* 



V = —= + C. 
2 ynp 



Taking the integral between the limits 
X = AB = ky we have 



« = 0, 



and 



2 Vfip Vnp 2 

The first factor of this is the area of the entire ellipse DBD'; 
hence, the volume of the paraboloid is equal to half that of tki 
circumscribing cylinder. 

In like manner, it may be shown that the volume of an ellipsoid 
whose equation is 

b'c'x* + aVy* + a*6V = o*6V, 



is equal to two- thirds iliat of tlie circumicrihing cylinder. 






PART III. 



CALCULUS OF VARIATIONS. 



FmsT Principles. 

259. A FUKcnoN may be regarded as given, when the form of 
the algebraic expression, which determines the relation between it 
and the variable or variables, is given, and the constants which 
enter this expression are known. 

In this case, the only change which the function can be made 
to undergo, is that which arises from a change in the variables. 
When these variables receive infinitely small increments, the cor- 
responding infinitely small increment or change of the function is 
taken for the differential of the function, Art. (88). All our previ- 
ous applications of the Calculus have been made to functions of 
the kind above referred to, and the term differential can, with 
propriety, be applied to no other change. 

It will at once be seen, that if a function be not given as above 
described, but merely subjected to certain conditions, it may be made 
to undergo a change by altering the relation which exists between 
it and the variables ; and this may be done by changing either the 
form of the expression for the function, or the constants which 
enter it, in any way consistent with the given conditions. Now, if 
•och a change be made as to give another function consecutive vnth 
the first^ the infinitely small change which the first undergoes ia 
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r/» V'P' X 



called its variation^ and the corresponding changes of the variables 
are their variations. 

The difference between the terms "differential" and "variation,** 
will be made more plain by geometrical illustration. 

Let BC be any curve, a function of x^ Art. (90), of which M 
and M' are any two consecutive points, the co-ordinates of M 

being x and y. Now, if the constant^ 
which determine the curve be changed 
in any way so as to give a different 
curve B'C, infinitely near to BC, and 
so that the points M and M' shall take 
the positions m and m', Vp will be the 
variation of x^ and mS the variation of 
y, while PP' is the differential of 2, 
and M'Q the differential of y, Art (88). 

The conditions under which the variation is madoi'may be soch 
that one of the variables will have no variation ; and when this is 

the case, the operations to be performed 
will be much simplified. 

Thus, if it be required that the points 
M and M' shall be found in lines parallel 
to the axis of Y at m and m', l\m will 
be the variation of y, while x has no 
variation; the differentials of x and y 
being PP' and M'Q, as before. 
As the differential is denoted by the symbol d^ the Greek 
character 6 is used to denote the variation ; and from the illus- 
trations just given, it appears that while the former symbol denotes 
the changes which take place in passing from one point to another 
of the same cnrve^ the latter is used for a very different purpose, to 
denote the changes in passing from points of one curve to the 
corresponding points of another infinitely near to it. 




P' X 



260. From the nature of the term as above explained, wo 
that to obtain the variation of any function of a-, y, r, <fec., we 
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have only to put for a;, y, 2, dec., a? + ^^^ y + ^y> Ac; 
^x, ^y, &c., being, not arbitrary, but the infinitely small changes 
which take place in m^ y, z, &c^ in consequence of that change 
in the function which gives its variation ; and th^n take, as in the 
Differential Calculus, Art. (&2), those terms of the development 
which are of the first degree with reference to the variations of the ' 
variables. Or, since the development may be made precisely as in 
Art. (51), by substituting hxy St/, &c^ for A, k, &;c^ it is plain 
that we shall have 

^ du ^ du ^ , du f. , 

cu = ^-oa? + i-Sy + -roz + wc 
dx dy dz 

It is also plain that the principles contained in articles (15) and 
(17), as also the particular roles demonstrated in articles (20) 
(26), are equally applicable to variations. 



261. In the function 

u=f{x) (1), 

let us substitute x •\- Sx for x, and denote the new function 
by f'{x) ; then, by the definition, Art (259), 

*»=/'(«) -/(x) (2); 

and since, from the relation expressed in equation (1), a? is a 
function of u, the second member of equation (2) will be a function 
1 of ti, and we may write 

Su = 9(11) (3). 

lit in this equation, we put for t/, u + cfu = ti', we shall 
have 

W = 9 (u') , 
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uid, subtracting equation (3), 

Bu' — Ju = 9(u') — 9(a) = d^{u) = d^u. 
Taking the variation of the expression 

we have 

6u' — ^ti = 6du\ 
hence 

Sdu = d$u (4). 

Thstt is, the variation of the differential of a function of a tingU 
variable in equal to the differential of its variation. Or, when both 
of the symbols d and ^ are prefixed to a function, the order in 
which they are written, or in which the operations indicated are 
performed, can bo changed at pleasure without affecting the result. 

The principle above enunciated is true for any order of the 
differential ; for if, in equation (4), w^e put du for ti, wo have 

(vfl?((/a) = dhduy or 6d*u = dd5u = d*6u. 

If, in the last equation, we put du for t/, we have 

6d*(du) = dHdu, or M^u = rf'^ti, 

and so on ; hence we may conclude that 

W"a = d*8u, 

262. Let V be any differential of a function of ar, and place 
fv = v\ then dv' = v, 

^dv* = 5v, or dbv^ = ^v, 
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and by integration, 

I 

6v' = fSv, or S/v = /dv. 

The principles demonstrated in this and the preceding article, 
are evidently true for functions of any number of variables; since 
the variation of the differential of such a function is but the sum 
of the partial variations, and the converse. 

263. In order to consider the subject of variations in its most 
general sense, when applied to differential expressions, we must 
regard the differentials of all the variables as variable, as well as 
the variables themselves. In this sense, if tt be a function con- 
taining Tj y, and their successive differentials, we shall have, 
Art (260), 

[•..(1), 
+ N^y + N'Wy + N"^rf»y + <fec. ) 

in which M, M', M'\ &c^ are the partial differential coefficients 
of u taken with respect to ar, rfx, rf'x, <fcc.; and N, N', N", Ac, 
the corresponding ones taken with respect to y, <fy, rf*y, d^c 
This expression maybe extended to any number of variables, by 
adding for each, an expression of the form 

USx + WSdx + W'Sd'x + Ac; 

and may then be made to give every particular case which can 
arise, by making the particular suppositions upon dx^ d*x, cfy, 
d*yy <jbc., which the case requires. 

264. If the differential expression contains only the variables j, 

dy d*y 

y, — = j>, -j-^ = ^, &c^ we may denote it by f, and shall 

have, as in Art (260), 

28 
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And if this expression be taken in its most general sense, dx 
must be regarded as variable ; in which case, we put for Sp^ 6q^ 
dbc, their values obtained as in Art (26), viz. : 

^ _ ;^^y _ ^^^'y — dy6dx dSy — pdSx 
^ " di " d^* ~ di • 

^ j^dp dx8dp -— dpSdx dSp — qdSx 

dx dx* "" dx 

U dx he regarded as constant, equation (2) is under its most 
simple form. 



265. If we indicate the integration of both members of equation 
(1), Art (263), we have 

/6u = /{MSx + WSdx \' WSd*x + &c.) ) 

V....(l). 

+ /(NJy + N'Jrfy + N"^rfV + &c.) ) 

By the application of the rule for integrating by parts, wc find 
/U'8dx = fWd^x = W6x - /dWSx\ 

/W8d'x = fWdHx = Wd6x - fdWdSx 
= WdSx - dW6x + /dm^Sx; 

/W'dd'x = fW'd^dx = W'd^Sx - fd^'"d'8x 

= W"d*6x - dWdSx + /d'W'dSx 

= W"d*Sx - dM'''d8x + d'W'Sx - /d*W"6x. 
Also, 
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/N'"W»y = N'"rf»^y - cfN"Wy + (f«N"% - /d*W6y. 

Observing that the second member of equation (1) is equal to 
the sum of the integrals of the terms taken separately, and substi- 
tuting the above values, we obtain 

/Su=\W-dW'^d'W-&c.)Sx + (M"-rfM'"+&c)rf5j: 

+ (N'"-&c.«.)(/% + <fcc. 

[ (2). 

By examining the above expression, it will be seen that there 
is no term under the sign y* which contains the symbols d and 6 
applied the one to the other; and also that the parts containing 
Sx are exactly similar to those containftg Jy. The formula may 
therefore be extended to any number of variables, by adding, for 
each new variable, similar parts containing its vaAtion. 



266. It should be remarked, that if the multipliers of Sx and 
6y following the sign y, in equation (2) of the preceding article, 
are both equal to zero, /Su will be complete, or Su will be the 
differential of some function. But in the expression 

/6u = 6/u, 
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it is evident that if fu contain any terms which cannot be (reed 
from the sign y, ^fu must contain the variations of these termft 
still under the sign, and f^u, cannot be complete. Hence, if hu 
is a differential, u itself raudt be so. And conversely ; for if fu 
is entirely freed from the sign f then hfu cannot contain this 
sign, and its equal f^u must be complete, or hu be a differential. 
Hence, if tlie conditions 

M - rfM' -h rf«M" - &c. = 0, 

N - rfN' -h rf«N" - &c. = 0, 

arc satisfied, u will be the differential of some function, which may 
be obtained by integration. If the above conditions are not satis- 
fied, tf cannot be an exi^ct differential, and fu cannot be obtained. 

267. If we take the variation of the expression fvdx^ in which 
t/, as in Art (264), is a function of a?, y, p, ^, &c., we have, Arta. 
(21) and (165), 

Bfvdx = f$(vdx) = fvSdx + fdxSv. 

But, Art. (169), 

fvSdx = fvd5x = v6x — fdvSx; 
hence 

%fvdx = vSx + f{dx6v — dvSx) (1). 

Substituting in that part of the second member which follows 
the sign f the values of dv and Sv, Arts. (52) and (264), 

dv = Udx + Nrfy + N'c^jf) + N'V^ + Ac, 

Sv = M^;r + N5y + WSp + Wdq + Ac, 

we have 
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dxSv — dvdx = N(cfx^y — dySx) + 1^' (dxSp — dpSx) 

+ W{dxSq - dg8x) + &c (2). 

Since dy = pdx, we have 

dxSy — dySx =z dx{$y — />&r) = udx^ 

A- 

by making dy — pSx = cj. 

Also, if for ^/>, we put its value, Art (264), we have 
dxdp — dpSx = <f^y — /nf J^ — dpSx = <;? ( Jy — pSx) = <2c4. 

If, in this last expression, we put p for y, and g for />, and 

dp 
recollect that at = —., we have 

ax 

dxSq - dqix = di^Sp - qSx) = rf^^^^^j = rf^^V 

Substituting these values in equation (2), and prefixing the sign 
J\ we have 

/{dx6v - dv6x) = /Nwrf* + /N'rfw + /N"rf T^) + &c . . (a). 

Again, by Art (169), 

rfN' 



/N'c^w = N'w -.y^wda?, 



rfw _.,rfw /•air 



/^''''s^ = ^"£ -/ 



du 



- N"— - ^^" • • ^^ ^/"^"^ 



c^ cfj; 



" +/i''(-rfr)"^*- 
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Now, substituting these expressions in (3), and the result in (1), 
we obtain 

hfvdx = vhx + (N' - ^ + &c.)w + (N" - &c)^ + Ac. 

(/N' 1 dW 

If we now put for eo, its value fy — fti^ the part affected with 
the sign f will become a* - Jcj ^ p i j^ 

y(N - ^ + <fec.)fl?Jc^y - /(N - ^ + &c.)j5rfa^:r. 

• 

From which we see that, in this case, the coefficients of ^y and 

ht have such a relation that if one becomes equal to zero the 

other will. 



Maxima and Minima of Indeterminate Intkoeals. 

268. The principal, and far the most important application of 
variations, is to the determination of the maxima and minima of 
indeterminate integrals, that is, of integral expressions of the form 



fVdx^ + ~dy\ fTTy^dx, &c., 

containing ar, y, &c^ and their differentials, in which the relation 
between the variables is entirely unknown. Tims, if it be required 
to determine the relation between x and y, in order that fixy^dz 
taken under certain conditions, shall be a maximum or minimum, 
the problem is one not capable of solution by the ordinary method 
of article (69), since the principles there developed require the 
form of the function to which they are to be applied, and the con- 
stants which enter it, to be given, and the search is for particular 
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YHlues of the variables, which will make one or more values of the 
function a maximam or minimum ; whereas the object now pro- 
posed, is to ascertain what this form and these constants must be, 
in order that the function, when subjected to the given conditions, 
shall be a maximum or minimum, the variables being entirely 
indeterminate. Questions of this kind are readily solved by the 
aid of variations. 



269. Let u be a function of the taature discussed in Art. (263), 
and suppose or, dx, y, dy, &c^ to be increased by their variations ; 
and let the difference between the corresponding function u' and 
u be developed, which is done at once by putting dx, 81/, SdXj 6dc^ 
for h, ky Ij d^c, in the development of Art. (51); we shall thus 
obtain 

u' - u = mx + N(Jy + WSdx + N'5t/y + &c^ 

plus a term of the second degree with respect to Sxj St/j &;c. ; plus 
other terras. 

By the same course of reasoning as that contained in Art (77), 
we see that u can be neither greater nor less than u\ for all values 
of 6xy ^y, &c., unless the term, of the first degree with reference 
to these variations, is equal to zero. But this term. Art. (263), is 
the variation of u : Hence, in order tfiai u be a maximum or 
minimum^ 6u musi'be eqital to zero. 

K the conditions which make the variation of u equal to zero, 
make the term of the second degree, in the above development, 
positive, for all values of Sx, 8t/, &c., u will be a minimum; if 
negative, u will be a maximum. The discussion of the various 
circumstances in which this term will not change its sign, is of too 
complicated a nature, and likely to lead too far, for an elementary 
treatise. Neither is it necessary in general, as we shall be able, 
from the nature of nearly every case, to determine, without a 
reference to this second term, whether we have a maximum or 
minimum. 
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270. In the application of the foregoing principles t5 the inde- 
terminate integrals referred to in Art. (268), it may at first be 
remarked, that if the integral bo indefinite. Art. (100), from its 
nature it can have no maximum nor minimum. The application 
can then only be made to definite integrals, or those which are 
taken between some well-defined limits. 

If, then, it be required that fu be a maximum or minimum, 
we may write the variation of y w, Art. (265), thus : 

6/u = fdu = m^x -f ni^y + m'Sdx -f n'$dt/ + &C., 

+ /{k^x + k'Sy) (1); 

and this, when taken between the prescribed limits, must be equal 
to zero. 

We have seen. Art. (206), that this expression cannot be inte- 
grated unless the quantity which follows the sign J\ in the second 
member, is equal to zero ; that is, there can be no integral to be 
taken between limits, and of course no maximum nor minimum. 
We must then have, for the first condition, 

k5x + k'Sy = (2). 

If, in the particular case under discussion, the variations of x 
and y are entirely independent of each other, we must also have 

A; = 0, and jfc' = 0; 

or, Art (265), 

M - dM' + d*W - <fec. = ) 

Y ....(3). 
N - cfN' -f d*W - (fee. = ) 

Again, if wc denote by / and /' the results obtained by substi- 
tuting the limits in succession in the remaining part of equation 
(1), we must have, for a second condition, 

r- / = (4). 
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Should there be more than two variables in the function t/, the 
quantity following the sign y, in equation (1), will consist of as 
nuinj terms as there are variables, each of which, if the variations 
are independent of each other, must be placed equal to zero, and 
will thus give an equation expressing a relation between these 
variables and their diifcrentials. 

I^ however, the conditions under which the variations are made 
are such as to render these variations in any way dependent, we 
shall be able, by means of the equations which express these 
conditions, to eliminate from equation (1) one or more of these 
variations ; then, by placing the coefficients of those which remain 
under the sign y, equal to zero, we shall have a system of 
equations from which we may determine the nature and extent 
of the required function. The system of equations (3) will, in 
eveyj case, express the relation which must exist between the 
variables and their differentials, in order that the function shall be 
a maximum or minimum ; but they must be subjected to the 
conditions deduced from the equation 

/' - / = 0, 

which can, of course, contain no variables except those which 
belong exclusively to the limits. 

Where u is under the form vdjr, it has been seen. Art. (267), 
that the two equations (3) will both be satisfied, if one is. They 
will therefore give but one independent equation, viz. : 

and the condition 

/' - / = 

must be deduced by substituting the limits in that part of equa- 
tion (4), Art. (267), which is independent of the sign /. 

The solution and discussion of the following problems will serve 
to illustrate and more fully develop the preceding principles. 
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271. Problem 1. — Required the nature of the short^t line 
joining two given points in a plane. 

Let x\ y\ and ar", y", be the co-ordinates of the points. The 
general expression for the length of the line, Art. (234), is 



2 = fVdx* + dy\ 
Taking the variation of this, we have 



v« =/( 



dx6dx dySdy \ ^ 



which, upon comparison with equation (1), Art (263), gives 

M = 0, N = 0, M' = ^, N' = ^, 

dz dz 



and all the other terms equal to zero. In this case, since Sx and 

Sy are independent of each other, we use equations (3) of the 
preceding article, and have 

dx du 

d-r = 0, and rf-p = 0: 

dz dz 

whence, by integration. 



^ \^ dz" '' dz^ ^' 

^L^ ^ Eliminating dz^ and integrating again, we have 

*' . •• I 



V- 



dy = —dx = adxy y z= ax -\- 6..,.(1), 



c 



whicli gives the required relation between y and a:, and indicates 
iliat the line must be straight. 
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The first part of equation (2), Art (265), becomes 

Since, in this case, the limits x\ y', and x", y", arc absolatelj 
fixed, we mnst have hx\ St/\ 6cc^ eqoal to zero, which, being sub- 
stituted in the above expression, give 

WSx' -f N V = 0, WSx'' + N%" = ; 

whence results the fulfilment of the second condition, 

/' - / = 0, 

and it remains only to determine the constants a and b, in equa- 
tion (1), on condition that the line shall pass through the two 
given points. 

272. Problem 2, — Required the shortest line that can be drawn 
from one given curve to another, in the same plane. 

Let y = /<ar), and y = /'(^r), 

be the equations of the curves ; their differential equations being 

cfy = p'dXy dy = p"dx (1), 

As in the preceding problem, we have 

from which is deduced, precisely as before, the equation of the 
required line, 

y = or + b (2). 



\ 
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But since the ends of this line must be in the given curves, the 
variations of x and y, at the limits, must be confined to these 
curves, that is, hy\ 6x\ dy'\ 6x" must be the same as dt/ and dz 
in equations (1) ; whence 

Sy' = p'Sx\ 8y" = p"6x". 

Substituting tliesc, in succession, in the first part of equation (2), 
Art (265), and subtracting the results, we must have 

Kdz'^dz'^J \dz"^dz''^ ) 

and since this contains two independent variations, it can only be 
satisfied by making the coefficients separately equal to zero ; hence 

dx' + dy'p' = 0, dx"+ dy'y' = 0; 

whence 

dy' 1 cfy" 1 



dx' p" dx*' p'' 

But til esc are the equations of condition that the required line 
shall be normal to both curves at the points (x', y'), {x\ y"), 
respectively, Art. (84). 

In order to determine the constants a and 6, in equation (2), 
we must first find the values of x\ y\ x'\ y", on condition that 
the normal to the fii*st curve at the point {x\ y') shall also be 
normal to the second at the point (x'\ y"), and then cause the 
line to pass through these points. 

This problem and the preceding may also be solved by placing 

z = fVdx~+~dp^=,J'^i + ^ydx = fvdx, 

in which v is a function of -j- = p. In this case, we should use 

dx 

equations [4), Arts. (207) and (270). 
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273. Problem 8.— Required the shortest line, on the surface of 
a sphere, joining two given points of the surface. 
Let the equation of the spliere be 

z« 4- y' + 2* = R* (1). 

The general expression for the length of a line joining the two 
points will be, Art (91), 



the variation of which is 

whence, by adding an expression containing Sz to the second 
member of equation (2), Art (263), and comparing, we find 

M = 0, N = 0, P = 0, 






and all the other terms equal to 0. The first condition required 
in Art (270), is then 



In this case the variations are not independent, but must be 
confined to the surface of the sphere ; that is, taking the variation 
of equation (1), we must have 

2x$z 4- 2ySy + 2zSz = 0. 
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CombinlDg this with equation (2), and eliminating 8zy we obtain 

(4--:4)"+{4-^^)*'=«. 

which, containing two independent variations, gives 

^dx ,d2 ^ .dy jdz 

zd-, xd-y = 0, «rf-r — yd-j- = 0. 

ds da ds d9 

Now, if we regard ds as constant, these equations become 

d^x d*z ^ d*y d'z 

ds ds ds ds 

from which we dediice 



'^ -/ 1., 



}- ^ -r d'y d^x 

^ V t X — - — y—r- = 0. 

Intcgr«iting the last three equations, we have 

dz dz dy dz . dy dx 

ds ds ' ds ^ ds ' ds ^ ds 

Multiplying the first by y, the second by — r, the third by z, 
and adding, wc obtain 

ay — bx -f- cz = (3), 

which is the equation of a plane passing through the centre of the 
sphere. The required curve must lie in this plane, and therefore 
is the arc of .1 great circle. 

The limits in this case, as in problem 1, being absolutely fixed, 
we have at once, as in that problem, the fulfilment of the second 
condition, 

r - / = 0, 
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Eqnation (3) may be pot under the form 



a b 

-y — -ar -f z = 0, or z = c'a? + rf'vi 



and the constants c' and d' determined, by causing the plane to 
pass through the given points. 



274. In many cases where there are conditions confining the 
variations, whether at the limits or not, the method of reducing 
the number of independent variations, explained Jn Art. (270), and 
pareued in Arts. (272, 273), will be found of very difficult appli- 
cation. In all these cases, the following less direct, but very ele- 
gant method may be used. Let 



r = 0, « = 0, &c 



•» 



be the equations between or, y, ^c, expressing the conditions to 
which the variations are subject ; then, at the same time that we 
have 

hfu = 0, 
we must also have 

hr = 0, hs z=. 0, Ac; 

or, denoting by c, c', dsc, arbitrary constants, we must have the 
equation 

^/m -t- c^r -f c'^s 4- Ac. = (1), 

for all values of the variations of ar, y, «fec. Placing the coeffi- 
cients of these variations separately equal to zero, we obtain equa- 
tions from which we can eliminate the constants r, c', ho,^ and 
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thus deduce an equation or equations which will express the proper 
relation between r, y, &c. As an illustration, let us take 

Problem 4. — Required the nature of the line, of a given length, 
joining two points, whic^a, with the ordinates of the points and 
axis of X, will inclose the greatest area. In this case we biekve, 
Art (-239), 

S/u = S/ydx\ 

and since the length of the arc between the limits is to be conrtanti 
the variations must bo subject to the condition 



/dz z= /Vdx* + dy* = a; 
bence 

J/vQi« + dy' = 0. 

Equation (1) will then become 

6fydx + c^fVdx' + dy' = 0; 
or, putting for the variations their values, we have 

Comparing this with equation (l). Art. (263), wo see that 

M = 0, M' = y + c^, N = dx, N' = c^; 

dz dz 

and these, being substituted in equations (3), of Art. (270), give 
and by inte^^rating, 
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Eliminatiiig c from these two equations, we obtain 

rfy __ « — a 
5^ "" "■ y - /3' 

which is evidently the differential equation of a circle whose equa- 
tion is, Art (98), 

(y - ^y + (« - «)• = R', 

0, a, and R being arbitrary constants, which most be determined 

on condition that the circle pass through the two given points, 

and that the included arc be of the given length. 
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